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Abstract

Investigating if a governmental policy implemented in a certain region has the
desired effect may be a complex task. Creating randomized controlled trials to
evaluate the policy in an experimental setting is not possible. For this matter,
Regression Discontinuity (RD) design has been around for a while as an imple-
mentation of quasi-experimental designs. This research provides an evaluation of
the Bayesian Non-parametric Quasi-experimental Design (BNQD) framework pro-
posed by Hinne, Van Gerven & Ambrogioni (2019) [1], in geographical settings
specifically. BNQD is a Bayesian implementation of RD that uses Gaussian Pro-
cesses to perform quasi-experimental design. The design will be compared to other
methods used by researchers in the field of Geographical Regression Discontinuity
designs using simulations of data. In order to be able to evaluate the effectiveness
of a policy change in one region, the model should be able to capture both spatial
data and different time points simultaneously. Combining the two sources of data
in a novel framework may rise difficulties, conditions or assumptions that have
to be validated in order to achieve a new valid design. The details of the frame-
work are outlined as well as the relation with other quasi-experimental designs.
Finally, the framework is applied to a real-life data set of ammonia emissions in
the Netherlands to evaluate the far stricter policy applied in Noord-Brabant and
Limburg aimed at restricting ammonia emissions from livestock farming. This ap-
plication shows both the ease with which the framework can be applied and that
the emission reduction policy did not have the expected effect.

1 Introduction

Researchers in many disciplines all over the world are interested in finding out if their
intervention has effect. This intervention can be a medicine, policy or other applica-
tion which should, directly or indirectly, affect a measurable variable. The approved
approach in science to measure the effect of a treatment is by performing randomized
controlled trials. It is not always possible to use this form of experimental setup in
which samples are randomly distributed over treatment and control group, due to high
costs, health risks or physical restrictions. In such cases, Quasi-Experimental Designs
(QED) can be utilized to attribute a measured difference exclusively to the intervention,
of which several designs exist. One implementation of QED is Regression Discontinuity
(RD) [2]. In this approach, the samples are split into a treatment and control group



based on one or multiple assignment variables. Under some assumptions, the parti-
tioning in treatment and control group happens in an as-if random fashion near the
threshold of the assignment variable.

The assignment variables can also be taken to represent coordinates on a map
(e.g. as longitude and latitude). This causes Regression Discontinuity to evolve into
Geographical Regression Discontinuity, or GRD [3]. The assignment variables form
a boundary in geographical space, separating two surfaces. Units on one side of the
boundary are given treatment, whereas units on the other side are used as a control
group. Near the boundary, units appear randomly distributed. This creates a setting
in which the difference in outcome variable between the two sides of the border can be
directly attributed to the intervention [4].

In a recent paper, Hinne, van Gerven & Ambrogioni (2019) propose a novel frame-
work for performing RD, which they call BNQD, shorthand for Bayesian Non-parametric
framework for Quasi-experimental Design [1]. This framework uses Gaussian Process
Regression in order to perform Regression Discontinuity [5]. By creating two models, a
continuous (no intervention effect is present) and a discontinuous (an effect is present)
version, and gathering evidence for either model, posterior evidence in favour of one of
the two models states the presence or absence of an effect and is expressed using the
Bayes Factor [6].

The BNQD framework can handle two-dimensional data, such as data used in geo-
graphical settings, as well as one-dimensional data and can therefore be used in GRD
design. This framework, which captures spatial features, may be combined with a
dimension of time in order to achieve a novel design which we call spatial-temporal
regression discontinuity (STRD). In this design, a function is fitted that takes both
two-dimensional geographical data and data from the temporal dimension and returns
one outcome variable. This rises possibly new assumptions, conditions and questions
on the validity of the design.

This thesis contains an evaluation of the performance of BNQD in geographical
settings. The performance will be compared to two other methods used in the field of
GRD: the distance-to-border method, which is essentially a reduction of the geograph-
ical dimensions to a one-dimensional representation of the distance to the boundary,
and the LATE measure method used by Rischard et al (2020) [7], which expresses the
treatment effect as a Local Average Treatment Effect to determine the presence of an
effect. A comparison metric will be defined with which these methods will be com-
pared. Making use of simulated data, the three methods will be tested and compared.
An attempt will be made to add a temporal dimension to GRD to realize a higher-order
RD called spatial-temporal RD and implications of the new design will be discussed.
Lastly, BNQD will be applied to an ammonia emissions data set in Section 4 to show
the practical application of the framework.

2 Background

2.1 Bayesian Non-parametric Quasi-experimental Design

This thesis builds upon the work of Hinne, Van Gerven & Ambrogioni (2019) to per-
form quasi-experimental design using the Bayesian framework for non-parametric quasi-



experimental design (BNQD) [1], which will be extended to have a better fit to the pe-
culiarities of two-dimensional settings [3]. The system underlying BNQD will therefore
be shortly explained here.

Following the regression discontinuity (RD) design, the data D = (z;, y;); are split
into two disjoint groups: the intervention group, in which samples receive the treat-
ment, and the control group. To which group a sample belongs, is determined by the
assignment variable. Units with a score of this variable exceeding the predetermined
threshold value are assigned to the treatment condition (7" = 1), whereas the other
units are assigned to the control condition (7" = 0).

In geographical RD, we say that units in a treated area A? are compared to units in
a control area A€, hereby largely adopting the notation laid out by Keele and Titiunik
(2015) [3]. We can therefore write T; = 1 if unit 4 is in A? and T; = 0 if unit 4 is in A°.
The units are divided by a boundary B. Adopting the potential outcomes framework,
we assert that each unit ¢ has two potential outcomes, Y;; and Yjg, corresponding to
T, = 1 and T; = 0, respectively [8]. Effect size d may then be measured for each
unit ¢ as d; = Y;1 — Yjp, where the problem arises that it is not possible to observe
Y;1 and Yjp simultaneously. Under some assumptions however, we may be able to
identify the treatment effect. The first assumption is the continuity assumption, which
is also important for one-dimensional RD but is somewhat more complicated in a two-
dimensional geographical context, and holds if, in absence of the considered treatment,
units close to the boundary have similar characteristics [3, 9]. The second assumption
is the conditional independence assumption, stating that individuals should not be able
to self-select into treatment. That is, the attribution of the sample to the treatment
or control group should be random. If both assumptions hold, the treatment effect
may be estimated using the differences of the model expectations, evaluated at a set of
points b on boundary B. These expectations follow from extrapolations of the function
to the boundary, computed by BNQD. BNQD then follows the Bayesian paradigm
to distinguish an effect by comparison of the continuous model My and discontinuous
model M;. The continuous model can be regarded as null-model, which indicates
that there is no effect present. This model fits one regression function to fit all data
points. On the other hand, the discontinuous model is the alternative model indicating
that the treatment has effect. The model fits the data in the intervention and control
group separately. The model then quantifies the effect size as a Gaussian distribution,
evaluated at a discrete set of boundary points b € B:

dyry ~ N (p)y > Sojy ) with
M|y = Ha|T — Hp|C (1)
Yply = Xy + e

where T" and C' indicate the predictions obtained using data in the treatment, respec-
tively control region and Y =T UC [1, 7].

A key property of BNQD is the use of Bayes Factors to quantify evidence in favour
of either model, essentially capturing evidence for the presence or absence of an effect
[6]. This is different than standard hypothesis testing, which only gathers evidence
to reject the null-hypothesis that states no effect is present. Bayes Factors directly
quantify evidence, with a larger BF indicating that there is a stronger confidence in the



truth of the outcome. Bayes Factors are expressed as the ratio likelihood of data under
the alternative (discontinuous) model to the data likelihood under the null (continuous)

model:
p(D | M)

p(D | Mo) @

Once we know that an effect is present, we may be interested in discovering the size of
the effect. The two models can also give an estimate of the discontinuity d. The use of
Bayesian Model Averaging (BMA) is a distinguishing feature of BNQD [10]. BMA is
used to give a weighted average of the estimation of the true effect size, weighing the
effect size estimates by their respective model likelihoods. The effect size estimate is
then given by:

BFyy =

p(d|D) = " p(d| D, M) p(M; | D), 3)
§=0,1

yielding the sum of the estimated effect size d for both the continuous and discontinu-
ous model, weighted by their model posterior. The continuous model Mj predicts an
absence of discontinuity along the boundary, i.e. the distribution is simply a spike at
d = 0, whereas the effect size estimate according to the discontinuous model M; follows
a Gaussian distribution.

2.2 Gaussian Process Regression

Studies involved in Regression Discontinuity design generally have focused on fitting
two polynomials, one to the samples in the treatment group and one to the control
group samples, to the data and evaluating the difference at the border. In this thesis,
we exploit Gaussian Processes (GP) to fit to the data [5]. This technique has also been
used in the paper by Branson et al. (2019) and in their follow-up paper by Rischard
et al. (2020) [7, 11]. The advantage of GPs lies in that there are no prior assumptions
made about the form of the function that generates the data. We therefore call Gaussian
Processes non-parametric models. By not placing explicit assumptions on the form of
the data-generating function, the GP can be interpreted as a combination of an infinite
number of Gaussian distributions. We only assume that the function follows a GP
prior:

F(x;0) ~ GP (u(z), k(z,2")) (4)

A GP is described by a mean function p(x) and a covariance function k(x,z';0),
also referred to as the kernel. Generally, the mean is fixed at 0 for simplicity. This
means that the GP is exclusively represented by the covariance function k(z, z") and its
hyperparameters 6, such as the length scale parameter ¢ and the GP output variance
o?. The covariance function computes the similarity between two points of the function,
f(z) and f(z'). This metric can be computed in several ways and is described by the
choice of a certain kernel. Prior knowledge about the shape of f may be incorporated to
make a kernel choice. Many different kernels exist, each exhibiting certain characteristic
behaviour. For example, a polynomial kernel exists, able to capture a polynomial trend,
or a Matérn kernel, characterized by its smooth adaptation to the true data-generating
function. The kernel has a large impact on the behaviour of the functions that are fit to
the data. Unreliable results may be produced if a kernel is chosen with a bad fit to the
data and may ultimately lead to wrong conclusions. By choosing a kernel, a prior is set



on the structure of the data. Choosing the right covariance function is hence crucial,
but this choice may not be straightforward. In a real-life application, it will hardly
ever be the case that the chosen covariance function is the true function underlying the
data generation. Instead, we assume that the function is sufficiently flexible to provide
a smooth fit to the data.

Equivalent to averaging the posterior estimates for the continuous and discontinu-
ous model by weighing them according to their posterior likelihoods, Bayesian Model
Averaging provides a way to integrate the estimates of the different covariance functions
to compute a log Bayes Factor [10]:

RBFtotal _ p(D | M) _ >_rex P(D | k) p(k| M)
10 p(D[Mo)  Dyer p(D[k) p(k|Mo)

In this paper, we make use of three different covariance functions as similarity measures
in the Gaussian Process. The simplest function considered is the linear kernel K jn.
This is a non-stationary kernel, sensitive to the difference in mean and slope between
the intervention and control group [12]. The next kernel is the stationary Matérn
kernel K ;a7, which has a parameter v that controls the smoothness of the function.
In this thesis, we specify v = 1.5 to make the kernel able to detect discontinuities
in once differentiable functions, which yields a flexible and smooth fit [5]. The last
function considered is the exponential kernel Kgxp, which is a special case of the
Matérn function where v = 1/2. This is the simplest stationary kernel and is often
used in spatial statistics and is for that matter also included in this research [13]. The
exact definitions of these kernels can be found in Appendix A.

()

2.3 Geographical RD

Gaussian Processes may also be useful in the context of geographical RD (GRD). The
BNQD framework works with GPs and is built originally to find the effect of a treatment
in one-dimensional data, with some parts extended for use in multidimensional cases.
In this work, we extend BNQD to be able to use and evaluate BNQD in geographical
settings.

One attempt to carrying out RD in geographical settings has been used widely
in the field of GRD and entails reducing the two-dimensional problem to a 1D-RD
design [14-17]. Instead of keeping the two assignment variables (e.g., longitude and
latitude) where the split in treatment and control group is determined by a border
B, the assignment variable is taken to be the closest distance to the boundary B.
Here, a negative distance indicates that units are in the control group. In Figure 1,
this reduction is shown by mapping the data points from the 3D figure onto a 2D
plot. By carrying out this reduction, it becomes possible to perform standard RD on
the remaining one-dimensional data to measure an effect. However, this method fails
to capture spatial variation. Using the naive distance to the border as assignment
variable, there is no way to recover from the problem of spatial heterogeneity, i.e.
varying treatment effects along the boundary. According to Keele and Titiunik, spatial
variation of the treatment effect does not constitute a problem for the validity of the
RD design, as long as the assumptions are met, since the design evaluates the effect at
a set of border points independently (see Keele & Titiunik (2015), Appendix D).
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Figure 1: Example of a reduction of GRD with two assignment variables and an outcome variable
(left) to 1D-RDD with one assignment variable and one outcome variable (right). Data points are
mapped from 3D-GRD plot onto the 2D plot by using the absolute distance to the border. The length
of the colored arrows indicate the distance to the border per data point, which is used as the x-axis in
the 1D-RD plot. A red arrow indicates that the unit is in the control group, whereas a green arrow
indicates a treated unit.
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Figure 2: Geographical RD reduced to 1D-RDD using distance to border, where the border lies at 0.
In the top plot, the data points with a similar distance to the border are averaged, whereas the plot in
the bottom fits the GP to all available data points.

Two versions of this method exist and are both used in the literature. The first
version applies the distance-to-border method directly to all data, meaning that the
function fit is applied on all separate data points. The second version entails averaging
the values of the data points with a similar distance to the border and fitting a function
on these bin averages. Figure 2 shows these two options and fits a GP with exponential
kernel to the data.

The technique laid out by Rischard et al. fits the data using Gaussian Process
Regression, after which the two functions are evaluated at the boundary to find an



estimate of the treatment effect. The posterior distribution is then evaluated at several
points on the boundary, which Rischard calls to be ‘sentinel points’. Up to this point,
the method is identical to BNQD.

However, there are some important differences between the two methods. A first
difference is that the sentinel point method evaluates the treatment effect locally at each
sentinel point and calculates a Local Average Treatment Effect (LATE). Building on
the effect size estimates per sentinel point, LATE uses a weighting scheme to calculate
an average effect size. Using Equation 1, the LATE may be approximated accordingly
by incorporating a weighting scheme:

i~ 2bes @Oy (6)

2 pen w(b)

where w(b) is a vector of weights evaluated at the sentinel points b. Several ways to
weigh the effect sizes at the different sentinel points are proposed by Rischard, which
will be described in detail in Section 2.5. In contrast, BNQD stops after estimation of
the effect size per sentinel and uses the evaluation of the effect at these sentinel points
to obtain a treatment effect curve. The advantage of not reducing the estimates to
one number is that potential spatial variation will be captured, in case the treatment
effect along the boundary is heterogeneous. Another difference between the sentinel
point method and BNQD is the utilization of Bayesian Model Averaging to define the
importance of the continuous and discontinuous model and determining the weight of
each kernel [10]. This reduces the overconfidence in the effect presented in M; by
explicitly taking the continuous model, that is, the probability that no effect is present
(d = 0), into account. This only occurs when BNQD is not strongly favouring either
model in which case weighing according to the model posterior lowers the confidence
in the alternative model.

In this thesis, both the sentinel point method and the distance-to-border method
have been implemented in Python and will be compared to BNQD. The performance
of each method will be evaluated using the Root-Mean-Squared Error (RMSE) [1, 11].
This commonly used error metric computes the distance between the predicted effect
size and the true effect size for each of the sentinel points. The LATE measure and
the distance-to-border method express the estimation of the treatment effect in one
value, where BNQD yields a Gaussian distribution of the effect size for each of the
sentinel points. The error produced by the distance to border and LATE measure
method is hence simply the difference between the true discontinuity and the predicted
discontinuity, whereas the BNQD error will be computed by taking the root of the
mean squared difference between the true discontinuity and the predicted discontinuity,
evaluated at every b € B.

2.4 Spatial-temporal Regression Discontinuity

For certain applications, Geographical Regression Discontinuity (GRD) may be too lim-
ited in its flexibility. This may occur in complex situations, for example when viewing
a trend over time split by one intervention. By incorporating data from the dimension
of time, the GRD design evolves into spatial-temporal RD (STRD), using data points
measured at different geographical locations and different points in time. Central in the
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Figure 3: Simulation of an outcome variable on two-dimensional data, shown in a 3D plot. The plot on
the left shows one fitted surface for all data points, whereas in the right plot two functions are fitted,
split by the assignment boundary. The fitted functions are Gaussian Processes with an exponential
kernel.

design is the outcome variable, dependent on both the spatial location and the point
in time the measurement has been made. Following this setup, a policy implemented
in a certain geographical area may be evaluated if data before and after treatment is
available for both the area in which the policy is implemented (treatment area) and
an adjacent control area. The boundary consists of the physical border separating the
treatment and control area and of the moment in time the policy is implemented, mak-
ing the design similar to a Difference-in-Differences design [18]. Spatial-temporal RD
is similar to a spatial Difference-in-Difference design (S-DiD) in that the difference is
used between the differences over time between treated and control units to estimate an
average treatment effect. The standard DiD design uses two time periods, one before
and one after the intervention, but accommodating additional time periods is straight-
forward [19]. S-DiD builds on standard DiD but validation of the design requires one
important additional assumption, which is the stable unit treatment value assumption,
or SUTVA [20]. Causal effects cannot be established in case of violation of this assump-
tion, referred to as ‘social interaction’. This occurs when outcomes of one unit depend
on the treatment status of other units, for which reason it is insufficient to establish
an causal effect based only on the unit’s own treatment status. Spatial interaction in
the treatment is not invalidating the design, but spatial interaction in the responses
is a violation of SUTVA [9]. This assumption is an extension of the independence
assumption used in GRD design.

Two versions of the STRD design can be developed. The easiest version is performed
by eliminating the dimension of time by reducing the outcome variable at different time
points to one value. This only works if the time dimension consists of exactly two time
periods: one before and one after the intervention occurred. The difference between



the values of the outcome variable before and after the intervention point is then used
to perform RD with the coordinates of each data point as the assignment variable. The
percentage increase or decrease may also be used instead of the absolute difference as
outcome variable.

The reduction to a two-dimensional GRD will not suffice when provided with mul-
tiple time points pre- and post-intervention. In this case, the temporal dimension may
be represented using an additional assignment variable. This three-dimensional RD
design then is a function of three assignment variables, two on the samples’ spatial
location and one on its point in time, mapping to a single outcome variable. STRD
then takes place in the same manner as GRD, as it is straightforward to extend RD so
that it can take assignment variables in dimensions of higher order [21].

STRD has similarities to interrupted time series (ITS), which is a quasi-experimental
design based on only a time dimension [22]. In contrast to Regression Discontinuity
designs, that mainly focus at the cut-off point (the ‘boundary’), ITS observes a change
in trend by performing a regression and observing a change in the slope from pre-
intervention to post-intervention, as well as the level change at the cutoff [23]. ITS
also has a set of assumptions that need to be validated, including SUTVA. These re-
quirements are set out in Bernal, Cummins, & Gasparrini (2017) [24]. According to
this paper, a strict differentiation of the boundary between pre- and post-intervention
points is necessary. Also, the data used in ITS setups need to cover both pre- and
post-intervention time periods. Having more data available is beneficial to the power
of the conclusions that can be drawn, as confounding variables play a smaller role
or may even be excluded. As the temporal dimension is similar in ITS and STRD,
these assumptions are important for STRD as well. The framework will be used in an
application to evaluate effectiveness of a policy on ammonia emissions in Section 4.

2.5 LATE measures

In their paper, Rischard et al. (2020) describe six possible weighting schemes to obtain
an average treatment effect (LATE). For this thesis, four of those have been imple-
mented and will be tested:

e Uniform weighted wyyrp: All weights are set to 1.

e Density weighted wpgnsrry: The weight of every sentinel point is equal to the
estimation of density of data points near that point.

e Inverse variance weighted wyyyvy ar: The weight of every sentinel point is pro-
portional to the inverse of the variance at that point. This gives high weights to
sentinel points where variance of the treatment effect is small and lower weights
if the variance is larger.

e Projected land measure wgrpoa: The weight of every sentinel point is equal
to the sum of the measured densities for each of the grid points which have
their projection to that border point. Grid points are created around the border
and data density is estimated at each point, after which the point is projected
onto the border. This method is similar to the density weighted LATE, with as
main difference the estimation of data density: wggpons takes the sum of several
estimates where wpgnsrTy relies on one estimation taken at the border.
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The first three methods do not have any additional parameters. The last measure
takes two parameters: the size of the grid, specified as the maximum distance from the
border the grid should be created, and the total number of grid points to be created.
The more grid points are created, i.e. the spacing between the grid points decreases,
the more precise the estimate of the density and hence a lower variance. This comes at
the cost of the time it takes to project each of the grid points onto the border. There is
thus a trade-off between variance and efficiency. For a more extensive explanation and
discussion of the advantages and disadvantages of each weighting procedure, we refer
to Rischard et al (2020), Section 3 [7].

By applying the selected weights in Equation 6, we get an estimation of the discon-
tinuity d. Since the predicted discontinuity dpy is the difference between two Gaussians
dyir and dyc, the effect itself is normally distributed as well. By summing each Gaus-
sian multiplied with a weighting scalar, the LATE remains a Gaussian distribution.
The estimated average treatment effect is hence described by its mean ug and covari-
ance Xg4. In the next section, the LATE measures are tested using several simulation
cases.

3 Simulations

In this section, the performance of BNQD will be evaluated using simulations of data
points. Each simulation contains two independent variables as representation of a
geographical space. A third variable is simulated using a second-order polynomial that
is affected by both variables. The data-generating procedure is described using the
following process:

b=15.0

oc=1.0 (7)
flzi) =30+ Llxaq + 1.8 % 22 + 0.3 % 27 + d[zi2 > b]

yi ~ N(f(zi),07),

where N is the number of data points to be sampled and x is a two-dimensional variable
with its values (in the baseline simulation) drawn from a uniform distribution. This
distribution will be altered in later simulations. In this setup, the border is always a
straight line dependent on only xo.

BNQD will be compared to the LATE method described by Rischard et al. (2020)
and to the distance-to-border method described in several papers, with its first occur-
rence in the paper by Black (1999) [7, 14]. The three GRD methods will be compared
in several simulations of data, in which two properties of the data will be modified.
The first property that will be varied is the density of data points. The density may
be constant, varying along the border or varying between the treatment and control
group. The second property that will be modified is the true treatment effect along
the border. The treatment effect does not have to be constant, but may be increasing,
decreasing or shifting discontinuously along the border. The three methods will be
applied to a set of covariance functions to view the impact of kernel choice.

11



Using the root of the mean-squared error (RMSE), the predictions of each of the
methods will be compared to the true treatment effect at every boundary point b € B.
The square root is taken from the mean error over the boundary points, giving a
measure of performance for the three methods, with which they may be compared to
one another. As the prediction of the effect is constant in the LATE measures and the
distance to border method, the error is simply the difference of the prediction and the
true effect evaluated at one point. For BNQD, the RMSE is given by the following
formula:

1
RMSE = \/ ~ Zb:(predb —dy)2, beB, (8)

where N is the number of boundary points b, pred, is the BNQD prediction of the
treatment effect at boundary point b and dp is the true treatment effect at that point.

The effect of several properties of the data on the estimation of the treatment
effect will be investigated and for each of the models the strengths and weaknesses
will be demonstrated. For example, since BNQD is the only method that returns a
distribution for each boundary point, this method is expected to outperform the single-
number LATE measure and distance to border method in simulations with a fluctuating
treatment effect. In cases of constant treatment effect however, the discontinuity may
be predicted best by the averaged values produced by the LATE and distance to border
approaches. As the data are drawn from random distributions, the results may vary per
run. To account for fluctuations over different runs, the resulting RMSEs are averaged
over 100 runs. This gives a more precise estimate of the average error. Next to the
RMSE averages we show the Standard Error of the Mean (SEM), which is a measure
of error from the measurements [25]. It is defined as the standard deviation divided by
the square root of the number of runs and tells how precise the estimate is.

3.1 Influence of spread of data points

In a real-life application, it is unlikely that units are spread evenly across sample space.
Samples may be abundant on only one side of the boundary, i.e. in either treatment
or control group. It may also be that parts along the boundary have a very high data
density, for example when the boundary crosses a city, or a density that approaches
zero, when the boundary crosses a lake, forest or highway. The impact of the data
density on the different measures will be investigated in this section, where we will
vary data density across sample space in four simulations. The first simulation adopts
a constant density, an even spread of data points, which is used as a baseline. The
following simulation explores the effect of gradually increasing the data density along
the border. The third simulation considers a high density in the treatment area and
a low density in the control area. The last simulation studies the effects of a high
data density both in the left part of the treatment area and in the right part of the
control group. This last simulation is taken from the paper written by Rischard et al
(2020) where they used this setup when examining the outcomes for the several LATE
measures [7].

In the top four plots in Figure 4, the data points generated by the model in Equation
7 are shown for one of the runs of each of the simulation specifications, with the
background shaded according to the estimated data density. Below each plot, the

12
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Figure 4: Data points generated for one run of each of the four simulation specifications. Data are
overlaid with the estimated data density. Below each plot, the treatment effect predictions for each of
the kernels is shown, together with uncertainty.

prediction along the boundary made by the kernels is shown. For each simulation we
set a constant treatment effect of d = 6.0. The predictions made by the three methods
will be evaluated on a set of 15 equally spaced points, sampled along the boundary.
The results from each of the four density specifications are saved per simulation and
per kernel. These are shown in Table 1, which lists the average RMSE and standard
error.

As can be seen from this table, the Matérn kernel appears to perform best in all four
simulations. In every simulation, using either kernel, the LATE measures outperform
BNQD and the reduced distance-to-border method. The density-weighted LATE per-
forms best in all but the third simulation, where the inverse-variance weighted LATE
performs slightly better. All LATE measures are generally close in RMSE. The Matérn
kernel performs best consistently, whereas the RMSE of the Linear and Exponential
kernel is close to each other. The local averaged treatment effects are seemingly closer
to the true effect than is the list of predictions produced by BNQD, reflected by a lower
RMSE. The BNQD BMA average produces results similar to BNQD, which is expected
as the relatively high treatment effect (d = 6.0) causes BNQD to have strong believes in
the discontinuous model. The BMA hence barely takes the continuous model (stating
that d = 0.0) into account. The BMA average produces an error equal to or larger
then BNQD consistently, which is not surprising as the BMA average explicitly lowers
the estimated effect size, even though we are here searching for the true discontinuity.
The estimation of the reduced 1D-RDD yields large errors, up to six times the error
produced by BNQD and even up to 12 (in Simulation 3) times higher than some of the
LATE measures. When looking at the standard errors (SEM) per method, listed in
the table within parentheses, some interesting features show up. Seen per kernel, the
Matern kernel consistently produces the lowest SEM. BNQD and the LATE measures
produce similar values, while the distance-to-border method yields variability of the
measurements of up to ten times larger than the BNQD and LATE measures. As the

13



Simulation 1

Simulation 2

Krin'  Kepxp Kuar Krpin' Kepxp  Kwaar
BNOD 0.621 ] 1.078 ]0.553 |0.637 | 1154 | 0.599
(0.031) | (0.037) | (0.018) | (0.035) | (0.040) | (0.022)
0.621 | 1.078 | 0553 |0.637 | 1.153 | 0.599
BNQD BMA- I 031) | (0.037) | (0.018) | (0.035) | (0.040) | (0.022)
Wonrr 0462 | 0520 |0.282 |0.463 |0.629 |0.301
(0.034) | (0.043) | (0.019) | (0.032) | (0.032) | (0.021)
Wornarmy || 0-454 0492 10275 [0.393 [0.475 [ 0.250
(0.033) | (0.039) | (0.020) | (0.027) | (0.027) | (0.019)
Winovan || 0462 [0.484 0278 [0.461 |0.524 | 0283
(0.034) | (0.039) | (0.019) | (0.032) | (0.032) | (0.020)
Woron 0.458 | 0.499 | 0277 |0.389 | 0498 |0.249
(0.033) | (0.041) | (0.020) | (0.027) | (0.033) | (0.020)
D.RDD 3.038 | 3.558 | 2617 |2.883 |2.900 |2.372
(0.209) | (0.237) | (0.203) | (0.196) | (0.212) | (0.184)
2.073 | 2062 |2749 |2.876 |2.631 |2.431
ID-RDD ave || 513y | (0.216) | (0.220) | (0.190) | (0.191) | (0.194)
Simulation 3 Simulation 4
Krin'  Kgxp Kyar Koy Kepxp  Kuar
BNQD 1325 | 1.047 |0.614 0963 |1.773 | 0.833
(0.040) | (0.035) | (0.027) | (0.046) | (0.086) | (0.030)
1325 | 1219 |0.614 |0982 |3.025 |0.833
BNQD BMA Y 6 040) | (0.087) | (0.027) | (0.047) | (0.018) | (0.030)
Wonrr 0.479 | 0435 | 0298 |0.676 | 0.991 | 0.438
(0.036) | (0.037) | (0.027) | (0.046) | (0.074) | (0.033)
Wornsry | 0489 0401 10205 [0.676 [ 0575 | 0.419
(0.036) | (0.036) | (0.025) | (0.045) | (0.064) | (0.030)
Winouan || 0479 [0.400 10291 0676 |0.840 | 0.423
(0.036) | (0.035) | (0.026) | (0.046) | (0.059) | (0.032)
Werons 0488 | 0419 | 0295 |0.671 | 0.898 | 0.422
(0.036) | (0.037) | (0.027) | (0.046) | (0.064) | (0.031)
D-RDD 6.770 | 6.099 | 6.231 | 4.423 | 5680 |4.890
(0.187) | (0.107) | (0.117) | (0.287) | (0.276) | (0.283)
6913 | 6514 | 6.842 | 4220 |5218 | 5.000
ID-RDD ave |1 017y | (0.265) | (0.300) | (0.296) | (0.329) | (0.345)

Table 1: Results of data-density varying simulations. For every simulation, the average RMSE is shown
for every tested method on each of the three kernels. The SEM is displayed within parentheses, the

lowest error per simulation per kernel is shown in bold.

fit to the data in this method is rather poor, the resulting error has a wide spread of

values, causing the standard error to be large.

The errors produced per LATE measure across the four simulations are approxi-
mately similar, from which we may conclude that the density of data points is not of
considerable importance to the effect size predictions by the LATE averages in these
simulations. BNQD is a bit susceptible to the density of data points, with the RMSE in
the third simulation setup being twice as large as the error in the first two simulations.
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The distance to border method produces varying errors per simulations, indicating that
the method is highly susceptible to the density of data points.

The four simulations are not representative for real-world situations, although they
exhibit certain interesting characteristics. The properties of these simulations, such
as an imbalanced density between treatment and control group, can be combined to
obtain a more realistic simulation. For this, we make use of a Gaussian Process to
simulate a ‘realistic landscape’, where cities (areas with a high data density), villages
(areas with an intermediate density) and forests (areas with a low data density) may
exist. The landscape is modeled using a GP with a Rational Quadratic (RQ) kernel
(see Appendix A for the mathematical formula) with a low length scale parameter ¢. A
low length scale (e.g., £ = 0.1) makes the function less smooth and more wiggly, which
is exactly what is desired.

0.012

0.010

0.008

0.006

Estimated effect size

0.004

0.002

——— Linear RQ —— Matern

41 - - - -
0.0 2.5 5.0 7.5 10.0
Distance along boundary

Figure 5: Simulation of a ‘realistic landscape’. Left: generated data points, overlaid with estimated
data density. Right: effect size predictions along the boundary for each of the kernels, together with
the uncertainty.

The simulated data points from a GP with an RQ kernel are shown for one run in
the left plot of Figure 5. The right plot shows the predictions made by a Linear, RQ and
Matérn (v = 3/2) kernel. The data points show a practical interpretation: areas with a
high density can be thought of as cities, whereas lower-density areas can be explained
as being rural areas. The right plot shows that the estimations of the effect size are not
constant along the boundary. The three kernels predict an effect size above the true
effect size in the left part of sample space, although the estimates are decreasing for
all three kernels and are approaching the true effect size (black dotted line at d = 6.0).
The linear kernel starts with a prediction fairly above the true effect size, but has a
decreasing trend along the boundary. At the other side of sample space, the kernel’s
prediction of effect size converges with the true effect size. Both RQ and Matérn have
a decreasing estimate along the first part of the boundary, even dropping the estimate
slightly below the true effect size, after which an increase is visible again. As the data
points are generated using an RQ kernel (¢ = 0.1), it is interesting to see if this kernel
can recover the function using only a fairy small amount of data points (n = 250).
The effect size estimation along the boundary is a rather smooth line around the true
effect size, indicating a good fit and recovery of the effect size. The Matérn follows
the same path, although a bit less smooth. As in the first and last part of sample
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space the two kernels overestimate the effect size, while in the middle part there is an
underestimation of the effect, the average treatment effect along the boundary would
be a good approximation. This will then also be reflected by the LATE measures, that
indicate exactly that, as seen in Table 2.

0]
an) ~ 0 > Q A =)
4 A 5 z > g ~ a
=g = S - - = R
4 = s
Linear 1.544 1.547 1.088 1.070 1.086 1.084 6.220 6.588
(0.074) | (0.075) | (0.074) | (0.077) | (0.074) | (0.072) | (0.442) | (0.468)
RQ 0.638 0.638 0.369 0.324 | 0.353 0.331 5.648 6.847
(0.036) | (0.036) | (0.033) | (0.029) | (0.032) | (0.030) | (0.381) | (0.476)
Matern 0.792 0.805 0.382 0.329 | 0.344 0.333 5.904 6.583
(0.036) | (0.040) | (0.031) | (0.027) | (0.028) | (0.026) | (0.354) | (0.444)

Table 2: Results from the ‘realistic landscape’ simulation. The average RMSE over 100 runs is shown
per kernel, per method. Within parentheses, SEM is displayed and the lowest RMSE per kernel is
shown in bold.

From the results in Table 2 it appears that the Rational Quadratic and Matern
kernel have a similar performance, based on the RMSE between the predictions and
the true effect size. Only for the BNQD-based methods, using the effect curve rather
than an average, the RQ kernel performs slightly better, which is also visible in the
right plot of Figure 5. On average, the kernels show a similar performance visually, yet
the Matérn kernel shows more wiggles and is less smoothly centered around the true
effect size. Compared to the four other simulations with a varying data density, the
performance of every method is worse than in the baseline simulation (Simulation 1),
but rather similar to the errors produced in the other three simulations. From these
results, we may conclude that the behaviour of the methods is affected when using a
more realistic data density, compared to keeping the data density artificially constant.

3.2 Influence of treatment effect along the border

The treatment effect does not necessarily have to be constant along the border. In
real-life applications, chances are that the treatment effect is variable along the border,
especially if the border is long. This varying treatment effect is called spatial hetero-
geneity and may distort the estimate of the treatment effect if it is captured in one
number.

We have experimented with four modifications of the treatment effect in simulations.
The first simulation uses a baseline discontinuity of d = 8.0, constant at all boundary
points. The second simulation tests the methods in absence of an effect: discontinuity
is set to zero. In the third simulation, the discontinuity increases with one of the axes,
which gives an equally spaced discontinuity with d = 0...10 along the border. The last
simulation tests the capability of the models to capture a sharp, temporal change to
a high treatment effect, after which the true effect drops again. In this setting, the
treatment effect is defined as Low - High - Low with corresponding effect values 4.0 -
8.0 - 4.0. The true effect will be 4.0, except for the region between 4 and 7 on the first
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axis, where discontinuity is set to 8.0. In Figure 6, the true treatment effect along the
boundary is shown, as well as the predictions of the discontinuity by the three different
kernels. The white line shows the Bayesian Model Average line, which incorporates
the posterior from every kernel to produce an average line, based on the plausibility of
the fit to the data of that kernel. The BMA curve completely overlaps the fitted line
from the Matérn kernel, indicating that the BMA tends to have strong believes in the
correctness of the fit to the data by this kernel.

121 Constant discontinuity: 8.0 Absence of effect: 0.0 Increasing along border: x Low-High-Low: 4.0-8.0-4.0
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Figure 6: Plots of the true effect size and effect size estimation along the boundary per kernel for each of
the four simulation specifications. In the top left corner of each plot, the treatment effect specification
is shown.

As with the previous data modification, the methods are evaluated using the RMSE
of the predictions along the boundary. Every simulation is run 100 times and the errors
are averaged over these runs to minimize influences from the random factors. In Table
3, the averaged RMSE and the standard error is shown per measure for every kernel.

From these results, it appears that again the Matérn kernel consistently performs
best. The Linear kernel provides the second lowest error and for every method the
highest RMSE is generated by the exponential kernel, except for BNQD in the last
simulation, in which the exponential kernel performs slightly better than the linear
kernel. The exponential kernel, as is also obvious from Figure 6, yields a curve along
the boundary with sharp turns and is not smoothly centered around the true effect size,
causing a relatively large RMSE. The baseline effect (Simulation 1) is predicted best by
the density-weighted LATE measure on a Matérn kernel, although all LATE measures
show similar performance. The error produced by the 1D-RDD method, both in the
standard and the bin-averaged case, is extremely large (4 to 10 times larger) compared
to the errors produced by the other methods. In absence of an effect (Simulation 2), the
BNQD BMA measure performs best. The error is, no matter the kernel, zero or very
close to zero. As BMA explicitly accounts for the fact that the data may be drawn from
a continuous model, and since a discontinuity is absent, this provides an accurate fit.
Indeed, since a discontinuity is absent, the BMA tends to follow the continuous model,
leading to a low RMSE. The performance of standard BNQD is slightly worse compared
to the LATE measures. Again, it is reflected that the LATE measures perform slightly
better in case of a constant treatment effect. Data that has a gradually increasing
effect size along the border is studied in Simulation 3. From the errors produced it may
be concluded that a continuously increasing effect is captured best by BNQD. In all
three kernels, BNQD has the lowest average error. The BMA of BNQD produces an
equally low error for the Linear and Matérn kernel, but its error is more than twice as
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Simulation 1

Simulation 2

Krin' Kexp Kuar Kruivn' Kexp  Kuar

BNQD 0.718 | 1279 [0.649 [0.722 |1.245 |0.680

(0.045) | (0.034) | (0.027) | (0.044) | (0.040) | (0.028)

BNQD B | 0718 1279 [0649 [0.005 [0.000 | 0.000

(0.045) | (0.034) | (0.027) | (0.005) | (0.000) | (0.000)

Wonrr 0.515 | 0.722 | 0.348 | 0534 |0.612 | 0.359

(0.048) | (0.048) | (0.027) | (0.044) | (0.046) | (0.030)

Wornarmy | 0517 | 0.650 [0.320 [0.537 | 0542 [0.38

(0.044) | (0.045) | (0.026) | (0.044) | (0.042) | (0.028)

Winovan | 0515 [0.650 [0337 0531 [0547 | 0.354

(0.048) | (0.045) | (0.027) | (0.044) | (0.043) | (0.029)

Woron 0.515 | 0.678 |0.340 |0.535 |0.564 | 0.352

(0.048) | (0.047) | (0.027) | (0.044) | (0.044) | (0.029)

D.RDD 3.362 | 4216 |3430 |0.822 |1.017 | 1.048

(0.270) | (0.275) | (0.266) | (0.220) | (0.224) | (0.190)

3479 | 3.585 |3.304 | 1.005 |3.399 | 3.323

ID-RDD ave | 970y | (0.285) | (0.265) | (0.224) | (0.280) | (0.262)
Simulation 3 Simulation 4

Krin'  Kgxp Kyar Koy Kepxp  Kuar

BNQD 0.738 | 1.249 | 0.646 | 1.922 | 1.494 | 1.166

(0.043) | (0.037) | (0.025) | (0.017) | (0.042) | (0.025)

0.738 | 2442 | 0.646 | 1.931 |2.223 | 1.166

BNQD BMA 1 043) | (0.186) | (0.025) | (0.021) | (0.140) | (0.026)

Wonrr 3161 |3.177 |3.110 |1.870 | 1.950 | 1.844

(0.010) | (0.010) | (0.003) | (0.014) | (0.021) | (0.010)

Wonsry | 3178|3177 3120 1871 1981 | L850

(0.014) | (0.011) | (0.005) | (0.014) | (0.022) | (0.012)

Wingvan | 3161 3177 3112 [1.870 [ 1964 | 1852

(0.010) | (0.010) | (0.004) | (0.014) | (0.021) | (0.013)

Werons 3170 |3.172 |3.115 |1.870 | 1.992 | 1.861

' (0.017) | (0.010) | (0.004) | (0.014) | (0.023) | (0.013)

D-RDD 5007 | 5.831 | 5532 |3.873 |4.903 | 4.236

(0.186) | (0.183) | (0.190) | (0.207) | (0.207) | (0.217)

4974 | 5372 | 5277 |3.920 | 4272 | 4.079

ID-RDD ave | 154y | (0.239) | (0.234) | 0.202) | (0.251) | (0.246)

Table 3: Results of effect-size varying simulations. For every simulation, the average RMSE is shown
for every tested method on each of the three kernels. The SEM is displayed within parentheses, the

lowest error per simulation per kernel is shown in bold.

high in the Exponential kernel. As obvious from the third plot in Figure 6, this is due
to the Exponential kernel shifting its estimation too drastically along the boundary,
whereas the straight line from the Linear kernel and smooth Matérn fit follow the
treatment effect more closely. The last simulation makes a sharp, temporary increase
in treatment effect along the border. Because of this discontinuous shift in treatment
effect, the models suddenly have to adapt to this fluctuation. Using an exponential
or Matérn kernel, the lowest error is produced by BNQD, while the LATE measures
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perform just slightly better than BNQD with a linear kernel. As the linear kernel
is not able to make a quick change to a larger treatment effect, the model flows in
between the two effect sizes and resembles an average (see Figure 6, rightmost plot),
just as is produced by the LATE measures. The exponential and Matérn kernel give a
better performance for BNQD, whereas the LATE measures perform equally well using
either of the kernels. Apparently, neither kernel can make a discontinuous shift to a
large treatment effect, causing the Matérn and exponential kernel to underestimate
the effect when the treatment effect is low, and overestimate the effect when the effect
is high, visible in Figure 6. Again, the distance to the border method produces large
errors, showing a poor estimation for all three kernels. For all simulations, the standard
error is largest in the distance-to-border errors, with a SEM of up to ten times the error
of the LATE measures or BNQD. Again, the Matern kernel produces the lowest SEM
in all simulations, indicating a low sample-to-sample variability of the RMSE.

There is not one outstanding method that performs best in all simulations. We may
hence conclude that the treatment effect influences the performance of the methods in
the GRD design. The LATE measures all produce values that are close to one another,
while BNQD and the distance to border method may be much off in either positive or
negative direction, compared to the LATE measures. The differences in average error
for especially simulation 2 and 3 are rather extreme. This shows that the strength
of BNQD is the ability to deal with changing effects, as is reflected in the results
of Simulation 3 and 4. The LATE measures here all fail to cope with the changing
discontinuity, although the errors are significantly lower than the error produced by
the distance to border method. This method also cannot cope with spatial variation
but has to base its estimation on a single intervention point, rather than on a set of
boundary points. Thus, each category of discontinuity has a preferred method and this
may be used as prior information when choosing a method and kernel. For example,
if one suspects the data from having a heterogeneous treatment effect, one may use
this information and advocate for the use of BNQD. The BMA of BNQD may also be
used to find an estimate that will be less likely to overestimate the effect size if the
treatment effect is relatively small compared to the noise level.

3.3 Influence of number of boundary points

The treatment effect size estimate is established using the estimates produced by the
individual boundary evaluation points. Hence, a larger number of evaluation points
to base the estimate on would presumably lead to a more accurate estimate of the
effect. However, this would also imply a bigger number of computations to be made
and therefore an increased computation time. It may not be necessary to evaluate
the border at many points, as the treatment effect and data density are likely to be
spatially correlated along the boundary.

In Figure 7, the performance of a GP with Matern kernel is shown against the
number of boundary points used to compute the effect size, averaged over 100 runs.
Here, a constant treatment effect of d = 10.0 is assumed. The data are drawn from
a uniform distribution with standard deviation ¢ = 1.0. This shows a sharp decrease
in RMSE when the number of boundary points is low, but stops decreasing after the
estimation is based on at least five evenly spaced boundary points. The variance on
the other hand steadily decreases as the number of boundary points is increased, but
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Figure 7: Model performance against the number of boundary points used to estimate the treatment
effect, averaged over 100 runs. A. Root of Mean-Square Error from true discontinuity. B. Averaged
variance per included number of boundary points.

after roughly 15 boundary evaluation points, the decrease is only very minimal. By
increasing the number of points, the number of computations increases, leading to
a trade-off between efficiency and accuracy. As the RMSE stops decreasing after 5
boundary points and the variance after about 15 boundary points, we take 15 boundary
points as a good balance between preciseness and computational performance. We must
note however, that in this case a constant treatment effect is assumed. If the treatment
effect would vary along the border, presumably more boundary points would be needed
to get an optimal accuracy-efficiency ratio, as the number of boundary points should
at least be as big as the number of different treatment effects along the border, and all
effects should be captured by at least one evaluation point.

4 Application

The relevance of the framework and its possible impact on society will be demonstrated
using a real-life data set. The framework will be applied to a data set containing
emission of ammonia in the Netherlands.

4.1 Emission of ammonia

One of the major concerns modern society is facing today is the preservation of our
natural environment. Ammonia emissions into the environment negatively affect bio-
diversity and human health due to nitrogen pollution. In most of the ‘Natura2000’
natural reserve areas the deposition of nitrogen as a result of ammonia emissions ex-
ceeds the European norms. The agricultural sector is one of the main polluters when it
comes to ammonia with 40% of the country’s emission and with the livestock farming
industry as main source [26]. Central and regional governments have put several pro-
grams in place to reduce the ammonia emissions by enforcing strict regulations onto
cattle sheds, by stimulating the use of modern technology and reducing the livestock
as a whole.
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Noord-Brabant and Limburg, two provinces in the south of the Netherlands, were
appointed to become front runners in an all-embracing approach to improve the coun-
try’s polluted air. In 2010, Brabant was home to over a third (34%) of all pig farms in
the Netherlands, while Limburg accounted for almost 13% of all pig farms, amounting
to nearly 8 million pigs in these two provinces [27]. Pig manure emits high amounts of
ammonia, in traditional stables 3.0kg NH3 per animal place per year, causing a tremen-
dous local emission of ammonia and a high pressure on human health and environment.
The Dutch national goal at the intensified policy, put into place mid 2015, was to reduce
the emission of ammonia from pig farms by 47% for existing stables respectively 63%
for new stables, leading to an emission of 1.6kg respectively 1.1kg NHjs per animal place
per year [28, 29]. This policy has already been implemented by Brabant and Limburg
in 2010 [30, 31]. Moreover, the provincial policy of Brabant and Limburg prescribed an
emission reduction of no less than 85% towards 0.45kg NHj per pig per year [28, 32].
A distinct difference in reduction levels in Brabant and Limburg versus the rest of the
country by 2018 was to be expected. While Brabant actively pursued this goal, with
a tightening of the policy in 2017 and forcing an emission reduction on all stables by
2020, Limburg took a more passive position towards reaching the target while its pig
farming sector was to reach emission targets ultimately by the year 2030 [33]. This
difference in attitude is expected to be reflected in their respective ammonia emission
data.

We evaluate the policy effectiveness by creating a spatial-temporal RD design, where
we take a look at the border between Brabant and Limburg. Before continuing the anal-
ysis, a number of assumptions requires validation, as discussed earlier. Near the border
of the two provinces, there is no distinguishable difference in the number of pigs per
square kilometer, which makes it reasonable to assume that any difference in emission
is a result of the distinctive policy of the regions (thus validating the identification as-
sumption). Without intervention, we would expect to see no difference in emission on
either side of the border. This makes the identification assumption likely to hold. We
also have no strong reasons to suspect that farmers have organized themselves near the
border as regulations on both sides were equal to all farmers before the intervention in
2010 (validating the continuity assumption). The last assumption that needs validation
in STRD designs is SUTVA (see Section 2.4). This assumption holds if the outcome
of a unit does not depend on other units. In this application, one might be worried
that the emissions of ammonia spread to nearby municipalities, violating the SUTVA
assumption. However, most of the ammonia emission precipitates within its near sur-
rounding [34], as can be seen in Figure 8A, in the case of Roermond (the one yellow
circle in the east of Limburg) for example. Municipalities adjacent to Roermond all
show a decrease in ammonia emissions, whereas the municipality of Roermond shows an
increase of more than 20% over time. We may conclude that there is no effect of strong
interaction between municipalities’ outcomes. As neither of the three assumptions is
violated we can proceed our case study.

A publicly available data set containing the emission of ammonia per year per mu-
nicipality from the Dutch government is used for analysis of the ammonia concentration
[35]. The ammonia emission for both provinces is retrieved for the years 2010 and 2018,
which are the years in which the intensified policy was put into place, respectively the
year that significant effects were to be expected. The data are pre-processed by divid-
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ing the total emission per municipality by its geometric surface in square kilometers.
Next, the emissions of each of the two years are reduced to one number by calculating
the difference in emission between the years and using this value as outcome variable
in the RD design. This reduces the temporal dimension from the spatial-temporal RD,
which is the basic case of STRD, as explained in Section 2.4. The percentage decrease
per municipality is calculated using the following formula:

post pre
_ Ei — Ei
- Epre

]

d; i=1...N, (9)
where N is the sum of the number of municipalities in Brabant and Limburg and E
is the emission in the municipality, either before or after the intervention took place,
respectively indicated with the superscript pre or post.

Several studies from both official and independent institutions have evaluated the
effectiveness of the policy implemented in Brabant, e.g. the Dutch National Institute
for Public Health and the Environment (RIVM), Connecting Agri & Food, and Bureau
Pouderoyen Compagnons [36-39]. These institutions came to the conclusion that the
decrease in emission of ammonia is not as substantial as expected in advance or that
an actual decrease is not even present. The reason for this absence of reduction is
not known yet and is currently being investigated. One possibility is the effect of
meteorological circumstances on the emission of ammonia. In the current setup of the
GRD design, we cannot account for meteorological fluctuations. To identify a trend
over multiple years rather than evaluating at two time points, one could incorporate
a dimension of time and achieve a spatial-temporal RD design. As there are data
points available only for a small set of years, the data is not extended with a temporal
dimension and we stick with the percentage difference between 2010 and 2018.

The framework is applied to the data, where the provincial boundary is drawn as a
line from south to north, with intermediate points to indicate corners. The boundary
is depicted in Figure 8A as a black dashed line. Units to the west of this line are
municipalities in Brabant, whereas units with a location to the east are located in
Limburg. The framework creates two models per kernel and estimates the effect size
and model probability for a polynomial with degree 1 (a linear kernel), exponential,
and Matern kernel. All three kernels fit the data separately for the continuous and
discontinuous model. The predictions are evaluated at 30 ‘sentinel’ points along the
boundary.

Effect of policy pursued in Noord-Brabant and Limburg
Kernel p(mo|D) | p(m1|D) | log BFo
Linear 0.002 0.998 6.24
Exponential 0.785 0.215 -1.29

Matérn (v = 3/2) || 0.765 0.235 -1.18

BMA 0.687 0.313 -0.78

Table 4: Analysis of the ammonia emission policy. Displayed are the model posteriors for My and M;
and the log Bayes factors for each of the considered kernels and the Bayesian Model Average.
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Figure 8: Discontinuity analysis along the province border, indicated by the dashed line. A. Circles
indicate the observed percentage difference in ammonia emission between 2010 and 2018; municipalities
are shaded according to the GP predictions. For conciseness of the figure, the fit of the exponential
kernel is omitted. B. The predicted effect size p(d|D, M:) along the province border for the three
kernels and the Bayesian Model Average.

The results are shown in Table 4. As it appears, the linear kernel presents a Bayes
Factor supporting the hypothesis that a discontinuity is present and thus that the
Brabant policy is indeed more effective. The linear kernel is only able to fit a straight
line along the boundary. However, since the border is not a straight line, it appears
that the kernel presents a non-straight line along the boundary. The exponential and

23



Matern kernel on the other hand show a negative log Bayes Factor, indicating evidence
against a difference in emission. As these kernels provide a better fit to the data than
the linear kernel, the former two overshadow the Bayesian Model Average (BMA). In
Figure 8B, the predictions are evaluated at every sentinel point and the differences in
predictions of the discontinuous model along the border are displayed per kernel. As
can be seen, the BMA line is a mixture of the three kernels, indicating that none of the
kernels provides a flawless fit. Next to that, we observe that the linear kernel predicts
a large difference along the south part of the border, while the absence of a difference
and even a negative difference in the north indicates that the decrease in emission in
Limburg was even larger than in Brabant. This can be fully accounted to the fit of the
linear kernel, which is a flat surface on the data. Even though the linear kernel shows
the presence of an effect, the exponential and Matern kernel lead the BMA. We use the
BMA in order to arrive at the same conclusion as other institutions that have studied
the effect, which is that there is no evidence that the policy pursued in Brabant has had
a larger positive impact on the emission of ammonia. Rather, there is evidence showing
that the policy in Brabant has lead to an equal decrease of ammonia deposition as the
less strict pursuing of the policy in Limburg.

5 Discussion

Worldwide, new governmental policies are implemented every day to create certain
behaviour. The effectiveness of such policy can be hard to measure, as there is no
direct way to randomly assign certain samples to the treatment group that receive the
intervention and a control group. Under some assumptions, we are able to recreate
the idea of random assignment and in this way evaluate the policy pursued. One
application of such quasi-experimental design is geographical regression discontinuity
(GRD) design, which splits the samples into a treatment and control group based on a
boundary through geographical space. Units near the boundary are assumed to exhibit
comparable characteristics and may therefore be compared. The difference in behaviour
between units on both sides of the boundary is measurable as the difference between
two fitted functions, extrapolated to the border. Where previous research focused
on either reducing GRD to a 1D-RDD with distance to the border as assignment
variable or capturing the treatment effect by averaging the local estimates, we here
follow the approach taken by Hinne et al. (2020), called BNQD, and used Bayesian
Model Averaging (BMA) to arrive at an effect curve along the border. This has the
advantage that a treatment effect that varies along the border can be captured.

BNQD uses Gaussian Processes (GP) as a Bayesian non-parametric way for causal
inference, whereas other researchers often have specified a less flexible polynomial func-
tion. GPs are described by their mean and covariance function, and this lays a, some-
times undesired, prior on the model. A wrongly chosen covariance function that pro-
vides a poor fit to the data can heavily influence the inferences made about the data.
A partial solution to this problem is also presented in Hinne’s paper and involves BMA
to automatically favour the kernel that fits the data best.

In the data simulation section, the advantages of GPs have become apparent. Sim-
ulations have shown that the estimates of the effect sizes in some cases were predicted
best by BNQD, measured as the lowest error from the true effect size, and in other
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simulation settings the LATE measures appeared more advantageous. BNQD can also
explicitly take into account the probability that no effect is present, i.e. that the discon-
tinuity is equal to zero, and this is done in the BNQD BMA step. In absence of effect,
this null model overrules the alternative hypothesis and the error will be low. When
only a small treatment effect is present, the BNQD BMA average likely underestimates
the true effect size. A varying treatment effect along the border cannot be captured by
the distance to border and LATE measure methods. Therefore, if the effect is likely
to be heterogeneous along the border, it may be beneficial to use BNQD. Hence, it is
important to think of the right method to use to produce the most accurate results.

GPs have also been used by Branson et al. [11] and in their follow-up paper specifi-
cally on GRD by Rischard et al [7]. The key difference between BNQD and the ‘sentinel
point’ method used in these papers is the goal of the RD. Where we are here interested
in finding evidence in favour of or against the null model or alternative model, their
goal is to estimate the treatment effect and only test if the effect is significant. The
effect found at each ‘sentinel point’ is weighed to produce one average estimation, from
which no variations in treatment effect can be recovered. Other researchers (e.g., Black
(1999), Lavy (2006), Lalive (2008), Keele (2015), and Salazar (2016)) have focused
on modeling GRD with the help of linear regression or fitting a second or third order
polynomial [3, 14-17]. In some of these papers the two dimensional space was reduced
to a 1D-RDD, thereby losing the ability to capture spatial variation. As seen in the
simulations in Section 3, the linear kernel often provides a relatively poor fit compared
to the more complex, non-degenerate kernels, showing that linear regression might be
a solution too simple to yield usable results.

Extending the spatially situated RD (GRD) design by adding a temporal dimension
yields the novel spatial-temporal RD design, or STRD. This framework may be able
to find the effects of an intervention based on both geographical location and time,
allowing for a more powerful framework for causal inference. This new framework
will have to deal with emergence of additional assumptions brought by the dimension
of time and validation of the design becomes more complex. In Section 2.4, STRD
is compared to related quasi-experimental design setups. The design is related to a
Difference-in-Differences design in a spatial context. Assumptions identified for this
design hence have to hold for STRD as well. The temporal dimension of STRD has
similarities with Interrupted Time Series (ITS) analysis, although RD design focuses
on the border between the control and intervention group, whereas ITS considers the
bigger picture and uses all data points to establish an effect. For the more complex
case of STRD, involving the addition of the dimension of time, a kernel has to be found
that can fit both the geographical and temporal aspect of the data. Whether this is a
feasible task is a subject for further research.

Application of BNQD in geographical settings is straightforward and has been
shown in Section 4. The policy pursued by the provincial governments of Brabant
and Limburg are evaluated using the percentage decrease of the emission of ammonia
as variable per municipality and finding the difference of the extrapolations to the bor-
der. The Linear kernel found evidence in favour of a distinct difference between the
two provinces, whereas the more complex exponential and Matérn (v = 3/2) kernels
did find evidence in favour of the null model. As the latter two kernels could more
accurately adjust to the data, these dominate the BMA and lead to the conclusion

25



that the strict policy applied in Brabant did not lead to a larger decline of ammonia
emissions. This example made use of the geographical location of municipalities and
the province border as assignment threshold. The dimension of time is reduced by
using the percentage difference between the emissions of 2010 and 2018, making this
an application of the basic case of spatial-temporal RD. If more data would be present,
sampled yearly or more often even, it could be beneficial to add the temporal dimension
as additional dimension to the design to find a trend in the data and to minimize the
influence of other factors, such as meteorological fluctuations that influence the amount
of ammonia in air.

As a concluding remark we state that BNQD has its advantages and disadvantages
over other methods in geographical contexts, particularly depending on the structure
of and the discontinuity in the data. Nevertheless, it has been shown a valid approach
in evaluating applied policies. This framework has the potential to improve policy
analysis and may give policy makers a framework to base future decisions on.
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A Appendix

The following covariance functions have been used in this thesis:

k(z,2') =o?za’ + v Linear
-
k(z,z') =% exp (_33 7 x ) Exponential
3(x —a 3(x —a
k(z,2') = o> (1 + W) exp (— \[(xe a )> Matérn (v = 3/2)
N2\ o
k(z,2') = o> (1 + W) , Rational Quadratic

where ¢ is the variance of the GP, ~ is the offset of the linear function, ¢ is the length
scale parameter and « determines the relative weighting of large-scale and small-scale
variations [12].
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