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Abstract

In practical applications, decision support systems that motivate and
justify decisions are essential for a user to understand and accept the sys-
tems. Recently, the concept of MAP-independence was introduced which
aimed to provide such justification for Bayesian networks by explicating the
relevant intermediate variables for decisions in MAP problems. Whereas
the concept of MAP-independence may work well to justify a decision when
the number of relevant variables is small, in this paper we argue that for
scenarios in which the number of relevant variables is large, these justifica-
tions would be inadequate and a user can only gain limited insight into the
decision. Therefore, we focus on finding test-selection strategies that can
decrease the number relevant variables in the network by deciding which
variable to gather evidence for in order to obtain a decision that is better
to justify and motivate. Specific test-selection strategies that we investigate
include the in-degree, out-degree and total degree of a variable, the distance
of a variable to the explanation variable, the expected utility, the expected
Gini index and mutual information with the explanation variable. After
running systematic simulations on the ALARM network and analysing the
results based on rank- and value-approximation, we conclude that the dis-
tance to the explanation variable, expected utility, expected Gini index and
mutual information could serve as good test-selection strategies to decrease
the number of relevant variables. However, more research is needed to be
able to generalize these findings to a larger population of Bayesian networks.
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Chapter 1

Introduction

Bayesian networks have become increasingly popular and relevant over the
past years (Gallego, 2005). A Bayesian network, viz. a factored represen-
tation of a joint probability distribution, can compute any probability of
interest over its variables, which is useful for belief updating, finding a Max-
imum a Posteriori (MAP) assignment or Most Probable Explanation (MPE)
amongst other things (Yuan, Lim, & Lu, 2011). Particularly as an under-
lying statistical model of decision support systems, Bayesian networks find
their application in a variety of public domains. Examples include the field
of medicine where Bayesian networks are used to diagnose a patient with a
medical condition, given a set of symptoms and health complaints (Kyrimi,
McLachlan, Dube, Neves, Fahmi, & Fenton, 2021), weather prediction where
Bayesian networks can be used to locally forecast whether or not it will rain,
given meteorological variables such as temperature (Cofıño, Cano, Sordo, &
Gutiérrez, 2002) or law where Bayesian networks can help a judge or jury
in making a verdict based on evidence (Vlek, Prakken, Renooij, & Verheij,
2016).

However, in these practical applications, Bayesian networks underlying
decision support systems that merely give the best explanation for the evi-
dence are not enough. A decision support system should be able to support
its users, as the name already suggests. This means that the support system,
and in particular the Bayesian network as the underlying statistical model
of the system, should be able to justify the decisions that it makes (Barredo
Arrieta et al., 2020; Lacave & Dı́ez, 2002). The subfield of explainable AI
which recently emerged has focused on providing motivations and justifica-
tions to the users of artificial intelligence (AI) systems, including Bayesian
networks. Explainable AI creates a sense of mutual understanding, which is
necessary for users to trust, understand and accept AI systems (Gunning,
Stefik, Choi, Miller, Stumpf, & Yang, 2019).

In the context of Bayesian networks, one popular approach towards mak-
ing the decision process more understandable to users is by explicating the
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relevant information for the decision. For example, several studies have
focused on identifying the relevant variables in the evidence set (Kyrimi &
Marsh, 2016; Meekes, Renooij, & Van der Gaag, 2015; Suermondt & Cooper,
1993). This allows a user to see which of the evidence variables are influen-
tial for the final explanation and why (Suermondt & Cooper, 1993). Other
studies have focused on identifying relevant variables in the explanation set
(Yuan et al., 2011; Gallego, 2005). When the explanation set is large, this is
especially useful because it is typically undesirable to burden the user with
a large explanation set containing only a few relevant variables. Instead,
the aim should be to provide precise and concise explanations with only the
most relevant variables (Yuan et al., 2011).

Recently, Kwisthout (2021) proposed a new method to explain the rea-
soning process of a decision support system by assessing the contribution of
intermediate variables towards the decision, based on early work by Pearl
and Paz (1987). This method focuses on the justification in MAP problems,
in which the most probable joint value assignment to the explanation set
needs to be computed, given the evidence. In the process of computing
the most probable joint value assignment, intermediate variables have to
be marginalized out. Kwisthout (2021) argues that this makes the decision
more opaque, as information about which intermediate variables have a big
impact on the final decision is lost in the marginalization process. Therefore,
the concept of MAP-independence is introduced, with which the intermedi-
ate variables that are relevant and irrelevant for the best explanation can
be identified.

An intermediate variable is considered MAP-independent from the best
explanation when the best explanation would be the same, irrespective of
which value the intermediate variable takes on and irrespective of whether
the variable is observed or not. That is, observing the intermediate vari-
able does not impact the decision. In addition to single intermediate vari-
ables, MAP-independence can also be determined for a set of intermediate
variables. For this, two variants exist. When the explanation is MAP-
independent from each variable in the set independently, the set is called
weakly MAP-independent. When interactions between variables of the set
are also MAP-independent from the explanation, the set is called strongly
MAP-independent (Kwisthout, 2021).

To illustrate the difference (Kwisthout, 2021, p. 8), two variables B and
E can be weakly MAP-independent from the best explanation for a variable
A. That is, observing a particular value for B alone does not change the
best explanation for A and similarly, observing a particular value for E alone
does not change the best explanation for A. However, it might be that the
combination of observing a particular value for B and E does change the
best explanation for A. In that case, the set {B,E} is not strongly MAP-
independent from A.

Whereas MAP-independence could provide a means to justify the deci-
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sions of a decision support system, there are scenarios in which this justifi-
cation may be inadequate and a user can only gain a limited understanding
of the decision. For instance, when the number of relevant variables for a
MAP problem according to MAP-independence is large, simply identifying
these variables does not help the user much in gaining more insight into the
decision. After all, it would be very difficult for a user to comprehend a
decision when nearly all unobserved intermediate variables could influence
the decision. Therefore, it could be very useful to find a way to decrease the
number of relevant variables in order to obtain a decision that is better to
motivate.

This may be achieved by gathering additional evidence, which relates to
the field of selective evidence gathering. In this field, the focus is on find-
ing test-selection strategies to select the ‘best’ next variable to observe at a
certain stage in the diagnostic process, according to some measure of ‘best’.
For the problem described above, this means finding a test-selection strategy
to increase the number of MAP-independent variables, thereby decreasing
the number of relevant variables that can influence the decision. The dif-
ficulty with finding the ‘best’ variable to observe (when solved exactly) is
that it is highly intractable in general (Van der Gaag & Bodlaender, 2011),
which means that this will be infeasible for larger networks. Hence, previ-
ous studies have been looking for heuristics rather than exact procedures.
Here, the ‘best’ variable to gather evidence for was defined as the variable
that is expected to provide the most valuable information in the diagnostic
process, i.e. the variable that is most informative (Sent & Van der Gaag,
2006; Madigan & Almond, 1996).

In this regard, most previous studies have focused on finding test-selection
strategies based on a utility function that can describe for a variable the
usefulness of ‘knowing’ the value of that variable (Van der Gaag & Wes-
sels, 1993). These functions can be based on probabilistic information only.
For example, Sent and Van der Gaag (2007) examined the usefulness of the
Shannon entropy, Gini index and misclassification error for test-selection
purposes. Furthermore, studies have focused on the expected weight of the
evidence (Madigan & Almond, 1996) and the expected difference in the pos-
terior probability of the explanation variable for when a variable is observed
versus not observed (Van der Gaag & Wessels, 1993). However, a utility
function can also incorporate non-probabilistic information. For example, a
utility function might incorporate the cost of applying a certain test, as was
investigated by Glasziou and Hilden (1989).

Whereas the aim of previous studies has always been to find test-selection
strategies that make the best explanation more robust and stable (Van der
Gaag & Wessels, 1993) by means of finding the most informative variable,
there has not yet been an investigation into a test-selection strategy explic-
itly aimed at reducing the number of relevant variables in a Bayesian network
to the best of our knowledge. This includes test-selection strategies reduc-
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ing the number of relevant variables in the context of MAP-independence.
While it could be that some of the proposed heuristics in previous work al-
ready increase the number of MAP-independent variables implicitly (thereby
reducing the number of relevant intermediate variables), more research on
this is needed. This will be the focus of the current study. Specifically, in
this study we will investigate which test-selection strategy could be used
as a heuristic to increase the number of MAP-independent variables. Here,
we will focus on weak MAP-independence, given the unfavorable compu-
tational complexity of establishing strong MAP-independence (Kwisthout,
2021). Both terms will be described later in the preliminaries.

In order to find a test-selection strategy that can be used as a heuristic,
systematic simulations will be run on the benchmarking ALARM network.
In each simulation, the ‘best’ variable to gather evidence for can be iden-
tified (where ‘best’ is defined as resulting in the largest number of MAP-
independent variables). After running many simulations, properties of the
‘best’ variable will be investigated for structural parameters. These include
the utility function as described by van der Gaag and Wessels (1993), but
also other parameters such as in- or out-degree, the distance between vari-
ables in the graphical representation of the Bayesian network, the expected
Gini index and mutual information. Insights into which of these measures
could be used as a test-selection strategy could help improve the justifica-
tions of MAP explanations for users when the number of relevant variables
is initially large.

To already relieve some of the computational burdens of computing the
‘best’ variable to select, two simplifying assumptions will be made in this
study. First of all, a myopic approach to evidence gathering is taken, in
which only one variable to gather evidence for is selected at a time (Ben-
Bassat, 1978). Secondly, only MAP problems with one explanation variable
for which the most probable value needs to be computed will be considered.
While these assumptions might be an oversimplification of the problem-
solving strategy in real-world applications, where experts can order multiple
tests at a time (Sent, Van der Gaag, Witteman, Aleman, & Taal, 2005) and
might be interested in multiple explanation variables at the same time (Van
der Gaag, 1996), relaxing these assumptions poses some serious computa-
tional problems (Van der Gaag & Wessels, 1993). Therefore, we will not
consider the problem when one or both of these assumptions are relaxed.

The rest of the paper is structured as follows. Section 2 will describe some
of the preliminary background on Bayesian networks and MAP-independence,
including notational conventions that will be used throughout the paper. In
section 3 we will formally introduce the problem that we are addressing in
the current paper, we will introduce the test-selection strategies that are
explored and we will elaborate on how these test-selection strategies will
be tested using simulations. In section 4, we will discuss and analyse the
results of the simulations on the benchmarking ALARM network. In section
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5, we will conclude the paper and discuss some possible directions for future
research.
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Chapter 2

Preliminaries

In this section, we will introduce some necessary preliminaries and nota-
tional conventions that will be used throughout the paper. We will use the
same notational conventions as Kwisthout (2021) in his paper on MAP-
independence.

A Bayesian network B = (GB,Pr) is a probabilistic graphical model
representing a joint probability distribution Pr(V) =

∏n
i=1 Pr(Vi | π(Vi))

over a set of discrete random variables V. The network B includes a directed
acyclic graph (DAG) GB = (V,A), where V denotes the set of stochastic
variables and A captures the conditional (in)dependencies among them, and
a set of parameter probabilities Pr represented by conditional probability
tables (CPTs). π(Vi) signifies the set of parents of a variable Vi in GB.
Similar to Kwisthout, we will use upper case to denote individual variables
from V and lower case to denote a specific value of a variable. We will use
bold-faced upper case to denote a set of variables and bold-faced lower case
to denote a joint value assignment to such a set. Ω(Vi) indicates the set of
possible value assignments to variable Vi, with Ω(Va) indicating the set of
joint value assignments to the set Va (Kwisthout, 2021).

One of the computational problems in Bayesian networks is the problem
of finding the most probable explanation for a set of selected variables con-
stituting the explanation set, given a set of observations. In other words,
the problem is to find a joint value assignment with maximum posterior
probability over the explanation set in the network, given the observations
(Kwisthout, 2021). If the network also includes so-called intermediate vari-
ables which are neither part of the explanation set nor part of the obser-
vations, this problem is referred to as MAP. In this paper, we will use the
following formal definition of MAP (Kwisthout, 2021, p. 5):

MAP
Instance: A Bayesian network B = (GB,Pr), where V(GB) is
partitioned into a set of evidence nodes E with a joint value as-
signment e, a set of intermediate nodes I, and an explanation set
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H.
Output: A joint value assignment h∗ to H such that for all joint
value assignments h′ to H, Pr(h∗ | e) ≥ Pr(h′ | e).

A computational problem that can be of interest for justifying and ex-
plaining the most probable explanation is to identify the set of relevant
intermediate variables that contribute to establishing the best explanation,
given the available evidence. Although there may be different opinions on
what relevance means for intermediate variables, in this paper we will con-
sider an intermediate variable or set of intermediate variables relevant when
the MAP explanation could change, had the variable or variables been ob-
served. The problem of identifying relevant intermediate variables in this
context can then be referred to as MAP-independence. When we want to de-
cide MAP-independence for a given subset of intermediate variables R ⊆ I,
we seek to answer the question whether h∗ is MAP-independent from R
given e (Kwisthout, 2021). This can be formally defined in the following
way (Kwisthout, 2021, p. 9):

MAP-independence
Instance: A Bayesian network B = (GB,Pr), where V(G) is par-
titioned into a set of evidence nodes E with a joint value assignment
e, a non-empty explanation set H with a joint value assignment
h∗, a non-empty set of nodes R for which we want to decide MAP-
independence relative to H, and a set of intermediate nodes I.
Question: Is ∀r∈Ω(R)argmaxH Pr(H,R = r | e) = h∗?

The complement problemMAP-dependence is defined similarly, where
the yes- and no-answers are reversed. Whereas in the formal definition
of MAP-independence, MAP-independence is established for a set R in
which the variables can interact with each other, a similar problem exists
in which MAP-independence is determined for each singleton variable on
its own in a set R (Kwisthout, 2021). This is referred to as Weak MAP-
independence, which can be defined as follows (Kwisthout, 2021, p. 10):

Weak MAP-independence
Instance: As in MAP-independence.
Question: Is ∀R∈R∀r∈Ω(R)argmaxH Pr(H, R = r | e) = h∗?

It can be observed that the computational complexity of establishing
MAP-independence is much higher than the computational complexity of
establishing weak MAP-independence. Namely, when establishing weak
MAP-independence, at most O(c | R |) assignments have to be tested, where
c = maxW∈V (G)Ω(W ). In contrast, establishing strong MAP-independence

requires | Ω(R) |= O(c|R|) assignment tests (Kwisthout, 2021). Given
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the unfavourable computational complexity of establishing strong MAP-
independence compared to weak MAP-independence, we will in the current
study consider only the latter computational problem.

Instead of determining weak MAP-independence for specific sets of inter-
mediate variables, the problem that will be of interest in the current study is
to determine the maximal set of weak MAP-independent variables from the
explanation set, given the evidence. That is, instead of determining whether
a given set of variables R is weakly MAP-independent from the best expla-
nation, we want to determine the maximal set R for which every variable in
the set is weakly MAP-independent from the best explanation. This prob-
lem, which we will refer to as Maximum Weak MAP-independence, can
be formally defined in the following way:

Maximum Weak MAP-independence
Instance: A Bayesian network B = (GB,Pr), where V(G) is par-
titioned into a set of evidence nodes E with a joint value assignment
e, a non-empty explanation set H with a joint value assignment
h∗, and a set of intermediate nodes I.
Output: A subsetR ⊆ I such that ∀R∈R∀r∈Ω(R) argmaxH Pr(H, R =
r | e) = h∗ and there is no other subset R′ ⊆ I such that | R |<|
R′ | and ∀R′∈R′∀r′∈Ω(R′)argmaxH Pr(H, R′ = r′ | e) = h∗.
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Chapter 3

Method

In public domains that make use of decision support systems, explanations
for the decisions are important for users to understand and accept the deci-
sions. Therefore, a decision support system, and in particular the Bayesian
network as the underlying statistical model of the system, should motivate
the decisions that it makes. Whereas the concept of MAP-independence
as introduced by Kwisthout (2021) may help to better motivate the deci-
sions of a Bayesian network by identifying relevant intermediate variables
for the decision, there could be scenarios in which there are too many rel-
evant variables for a user to easily comprehend the decision. In order to
better motivate the decision in these situations and reduce the number of
relevant (MAP-dependent) intermediate variables in the network, additional
evidence can be gathered.

To help decide what additional evidence to observe (i.e. the ‘best’ vari-
able to observe), the concept of maximum weak MAP-independence as for-
mally defined in the previous section can be used. However, deciding upon
the best variable to observe is intractable in general (Van der Gaag & Bod-
laender, 2011), which means that for larger networks this will be infeasible.
Therefore, in this study it will be investigated which test-selection strate-
gies could be used as a heuristic to increase the number of weak MAP-
independent variables.

In this chapter, the first section will describe the manner in which we
will use maximum weak MAP-independence to determine which variable
is best to observe. In the second section, we will formally describe the
problem that we are addressing. In the third section, the test-selection
strategies that are used in this study will be explained. In the last section,
we will elaborate on how these test-selection strategies are evaluated using
simulations. Note that in the rest of the paper, for the sake of readability, we
will use MAP-independence and weak MAP-independence interchangeably,
which will both refer to weak MAP-independence.
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3.1 Defining ‘best’ variable to observe

For the current study, we are interested in increasing the number of MAP-
independent variables such that the user has more benefit from the concept
of MAP-independence to help motivate the decisions of a Bayesian network.
When gathering additional evidence, the main aim should thus be to gather
evidence for a variable, whose observation results in a Bayesian network
that has the largest number of MAP-independent variables according to
maximum weak MAP-independence. However, we note that this variable
to observe is always associated with a specific value for that variable. That
is, if the variable to observe is a binary variable V , this variable will have
the largest number of MAP-independent variables when it is observed with a
specific value assignment v. The problem with this is that actually observing
V = v, given the already available evidence e, could have a rather low
probability, i.e. Pr(v | e) = 0.15. In this case, there might be situations
in which V is not considered the best variable to observe, and a trade-off
between impact and prior probability of an observation needs to be made.

For example, imagine we would have another binary variable X with
value assignment x, which is the second-best variable to observe. Observing
X = x results in a set of MAP-independent variables that contains one
less variable than V with v (for example, observing V = v results in a
set of 40 MAP-independent variables and observing X = x results in a set
of 39 MAP-independent variables). However, actually observing X = x,
given the available evidence, is much more likely than observing V = v,
i.e. Pr(x | e) = 0.95. Furthermore, imagine that observing V = ¬v and
observing X = ¬x would both result in a set of eight MAP-independent
variables, so observing those values for V and X would actually be much
worse than observing V = v and X = x. Also note that observing V = ¬v
would be much worse than observing X = x. In this case, we might prefer to
observe variable X rather than variable V , since the probability of observing
X = x is much higher than observing V = v and the numbers of MAP-
independent variables are almost equal.

It thus seems that the probability of actually observing the value for the
variable which results in the largest number of MAP-independent variables
is also important. Yet, this importance might change when the difference
between the numbers of MAP-independent variables changes. For instance,
imagine the same setting as before. Only this time around, the set of MAP-
independent variables when observing X = x has a size of 12 instead of
39, which is much smaller than the number of MAP-independent variables
when observing V = v. In this case, we may still prefer to observe V ,
even considering the low probability of actually observing v. On the other
hand, observing variable X with value x would result in a considerably lower
number of MAP-independent variables and it is not even certain that value
x for variable X is actually observed. Furthermore, observing V = ¬v would
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not be much worse than observing X = x. Therefore, observing variable X
may still be too unattractive compared to observing variable V .

In this example, we can clearly see the multi-objective criterion for the
best variable. There is a clear trade-off between the number of MAP-
independent variables when observing a variable with a particular value
and the probability of actually observing that value for the variable. Gener-
ally, we want to select a variable V that has a high probability of taking on
value v and, when taken on value v, results in a Bayesian network with the
largest number of MAP-independent variables. However, it may not always
be possible to satisfy both objectives. Hence, we have to find a formal means
to decide between two possible variables.

In this study, we will compute the expected number of MAP-independent
variables to decide between two or more variables. That is, for a variable V
in combination with values vi, the resulting numbers of MAP-independent
variables are weighted by the probability of actually observing the values
vi for variable V , given the already available evidence. The variable to
observe will be the variable with the largest expected number of MAP-
independent variables, in the rest of the paper referred to as the best variable
to observe. For the example above, this means that we can compute the
expected number of MAP-independent variables for variable V as follows:
40 · 0.15 + 8 · 0.85 = 12.8. Similarly, for variable X in the first example, the
expected number of MAP-independent variables will be 39 · 0.95+8 · 0.05 =
37.45. As can be seen, variable X is clearly preferred over variable V in this
case. For the second example, the expected number of MAP-independent
variables for X will be 12 · 0.95 + 8 · 0.05 = 11.8, which means that X is
not preferred over variable V . It can be seen that both cases match our
intuition on what would be the best variable to observe.

3.2 Formal problem definition

Now that we have the formal means to decide which variable would be best
to observe in a certain situation, the problem which we set out to solve can
be formally defined. The computational problem of interest is to decide
upon the next variable to observe, such that the number of weak MAP-
independent intermediate variables with respect to the explanation set H is
expected to be the largest in the resulting Bayesian network. In other words,
we want to know which variable I ∈ I, when observed, is expected to lead
to the largest number of weak MAP-independent variables R with respect
to H in the resulting Bayesian network. This problem can be formalized as
below:

MAP-selection
Instance: A Bayesian network B = (GB,Pr), where V(GB) is
partitioned into a set of evidence variables E with a joint value
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assignment e, a non-empty explanation set H with a joint value
assignment h∗, and a set of intermediate variables I. Furthermore,
the maximum set of weak MAP-independent intermediate variables
IP ⊆ I according toMaximum Weak MAP-independence(B,E, e,H,h∗, I).
Output: A variable I ∈ I \ IP such that exp size(I) =∑

i∈Ω(I) Pr(i | e)· | R | is maximized, where
R = Maximum Weak MAP-independence(B,Enew, enew,Hnew,h

∗
new, Inew)

and Enew = E ∪ {I}, enew = e ∪ {i}, Hnew = H, h∗
new = h∗ and

Inew = I \ {I}. That is, there is no variable I ′ ∈ I \ IP such that
exp size(I ′) > exp size(I).

In this study, we will make the simplifying assumption that the explana-
tion set consists of only one explanation variable H with value assignment
h∗, which poses fewer computational difficulties.

3.3 Test-selection strategies

In order to address the MAP-selection problem, we have to find a test-
selection strategy that can be used as a heuristic to determine which vari-
able, when observed, is expected to generate the largest number of MAP-
independent variables in the resulting Bayesian network. That is, the test-
selection strategy should help indicate the usefulness of observing a variable,
thereby providing a measure to select the variable to observe in each stage
of the diagnostic process. In this section, we will provide an overview of the
test-selection strategies that we will explore in the current study. All strate-
gies will take a myopic approach to evidence gathering in order to relieve
some of the computational burdens.

3.3.1 In-degree, out-degree and total degree

In the qualitative part of a Bayesian network, which is a graphical represen-
tation that is encoded in a DAG and models (in)dependencies between the
variables in the Bayesian network (Van der Gaag & Wessels, 1993), vari-
ables have a number of incoming and outgoing arcs. The incoming arcs
from the parents of a variable, generally referred to as the in-degree of the
variable, represent the dependencies on other variables in the network while
the outgoing arcs to the children of a variable, referred to as the out-degree
of a variable, represent the dependencies of other variables on the current
variable. It could be argued that variables with many dependencies (either
in-degree, out-degree, or both, which is the total degree of a variable) are
important variables in the network, as these may directly impact many other
variables when observed. Observing one of these ‘important’ variables could
lead to many other intermediate variables becoming MAP-independent, as
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the other intermediate variables might be impacted in such a way that the
best explanation does not change anymore upon observing any value for
these variables. Therefore, the in-degree, out-degree and total degree of the
intermediate variables might provide good test-selection strategies, which
values should be maximized.

3.3.2 Distance to the explanation variable

With a second test-selection strategy, also focusing on the qualitative part
of the Bayesian network, it will be explored whether or not the distance
between two variables in the graphical representation of the network could
provide a good test-selection strategy for selecting a variable to observe.
Here, the distance between two variables is defined as the length of the
shortest path between the variables, not taking into account the direction of
the arcs. That is, if there is an arc directly connecting two variables, the dis-
tance between the variables is one. If there is no such arc, but the variables
both have an arc (either incoming or outgoing) connecting to the same other
variable, the distance between the variables is two, and so on. The intuition
behind using this measure as a test-selection strategy is that an intermediate
variable is more likely to contain much information about the explanation
variable and block the influence of other intermediate variables on the ex-
planation variable when the distance between the intermediate variable and
explanation variable is small. This means that the other intermediate vari-
ables are less likely to impact the explanation variable, making them more
likely to become MAP-independent from the explanation variable.

3.3.3 Expected utility

In addition to test-selection strategies focusing on the qualitative part of the
Bayesian network, strategies focusing on the quantitative part of the network
will be explored. This part of the Bayesian network encodes the strengths
of the dependencies between variables with a set of conditional probabilities
(Van der Gaag & Wessels, 1993). One of the test-selection strategies that
is explored in the current study is the expected utility, based on the linear-
value utility function, which is defined by Van der Gaag and Wessels (1993).
In their study, Van der Gaag and Wessels introduced the expected utility
and linear-value utility function to make the best explanation more robust
and stable (Van der Gaag & Wessels, 1993). While this aim is different from
the aim in the current study, the expected utility might still be usable as a
test-selection strategy to address the MAP-selection problem. After all,
using a test-selection strategy that makes the best explanation more robust
and stable also means that the best explanation should remain robust and
stable with additional evidence for intermediate variables. Hence, it could be
that the expected number of MAP-independent variables implicitly increases
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when using this test-selection strategy.
Suppose we want to know the posterior probability over the explanation

variable H, given the evidence e and suppose that h is the value assignment
of H. Now, for an unobserved variable I with observed value i ∈ Ω(I), the
linear-value utility function can be defined as

u(i) =| Pr(h | e)− Pr(h | e ∪ {i}) | (3.1)

Subsequently, the expected utility can be computed using the linear-value
utility function. Here, the utilities for all possible value assignments of
variable I are weighted by the probability of observing that value assign-
ment given the evidence. Whereas this utility function is tailored to binary
variables (Van der Gaag & Wessels, 1993), this can be extended to also
incorporate non-binary variables, resulting in the following definition:

û(I) =
∑

i∈Ω(I)

Pr(i | e) · u(i) (3.2)

The best intermediate variable to select will be the variable that is expected
to cause the largest difference in posterior probability of the explanation
variable for when the variable is observed versus not observed. That is, the
best intermediate variable to select will be the variable that maximizes û(I).

3.3.4 Expected Gini index

A second test-selection strategy focusing on the quantitative part of the
Bayesian network is the expected Gini index. The expected Gini index can
be used to represent the level of uncertainty in the explanation variable and
will be applied to see whether observing an intermediate variable can reduce
the level of uncertainty in the explanation variable. Similar to the expected
utility, the expected Gini index may be a good test-selection strategy to
increase the number of MAP-independent variables, because the best ex-
planation should become more stable and hence less likely to be influenced
by other variables when the level of uncertainty in the explanation variable
decreases. To compute the expected Gini index, first a definition of the
Gini index is needed. The Gini index over the probability distribution of a
variable H is defined as

G(Pr(H)) = 1−
∑

hi∈Ω(H)

Pr(hi)
2 (3.3)

The expected Gini index can be defined for observing a variable I, where
all possible probability distributions over the explanation variable H with
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I = i as additional evidence are weighted by the probability of observing
I = i, given the evidence e (Sent & Van der Gaag, 2007):

G(Pr(H | I)) =
∑

i∈Ω(I)

Pr(i | e) ·G(Pr(H | e ∪ {i})) (3.4)

The best intermediate variable to observe will be the variable that is ex-
pected to result in the largest decrease of uncertainty of the explanation vari-
able. That is, the variable that maximizes G̃(I) = G(Pr(H))−G(Pr(H | I))
for an intermediate variable I (Sent & Van der Gaag, 2007).

3.3.5 Mutual information

The last test-selection strategy we will focus on in the current study ismutual
information. The mutual information between two variables describes the
amount of information that the first variable contains about the second
variable and can be used to see how much uncertainty can be reduced in the
second variable by observing the first one. As such, this measure can be used
to see how much uncertainty can be reduced in the explanation variable by
observing an intermediate variable. Following the same reasoning as with
the linear-value utility function and expected Gini index, mutual information
could provide a good test-selection strategy in this way. Mutual information
has a relationship with entropy and conditional entropy. The entropy of a
variable H can be defined as

H(H) = −
∑

hi∈Ω(H)

Pr(hi) log2(Pr(hi)) (3.5)

The conditional entropy between a variable H and I, given the already
available evidence e, can be defined as

H(H | I) =
∑

i∈Ω(I)

Pr(i | e) ·H(H | e ∪ {i}) (3.6)

Based on the entropy and conditional entropy, the mutual information be-
tween an intermediate variable I and explanation variable H can be defined
as

I(I;H) = H(H)−H(H | I) (3.7)

The best intermediate variable to observe will be the variable that contains
most information about the explanation variable and can thus reduce most
uncertainty in the explanation variable, thereby making the explanation
variable more robust. That is, the variable that maximizes I(I;H).
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3.4 Simulations

We test the useability of the different test-selection strategies using simula-
tions on the benchmarking ALARMBayesian network (Beinlich, Suermondt,
Chavez, & Cooper, 1989). This network simulates an anesthesia monitoring
system, in which text messages about diagnoses are provided for possible
problems. The network consists of 37 variables, eight of which constitute
the set of possible explanation variables. Sixteen variables can be observed
or measured (evidence variables). The other variables are intermediate vari-
ables that can neither be observed nor belong to the set of variables to be
explained (Beinlich et al., 1989).

In every simulation run, the ALARM network is first partitioned into
a set of randomly selected evidence variables E with a random joint value
assignment e, an explanation set consisting of one randomly selected ex-
planation variable H with value assignment h∗ and a set of intermediate
variables I, which consists of all other variables in the network. The number
of evidence variables in the evidence set is varied between zero and four in
the simulation runs because for larger evidence sets, there is a higher prob-
ability that the number of MAP-independent variables is already large at
the start. This makes finding simulation runs in which the test-selection
strategies can (significantly) increase the number of MAP-independent vari-
ables much harder. Note that in the simulation runs, we do not care about
the original partitioning of the network into the evidence, explanation and
intermediate variables. Preliminary results suggest that the data to analyse
would be fairly limited when taking this into account. Therefore, we make
use of the full network to generate queries.

For the partitioned Bayesian network, the maximum subset of MAP-
independent variables R ⊆ I is computed according to Maximum Weak
MAP-independence (Algorithm 1). Furthermore, the quantitative test-
selection strategies expected utility, expected Gini index and mutual infor-
mation are computed for the intermediate variables, based on the formulas
described in the previous section. For efficiency reasons, this is done together
with computing Maximum Weak MAP-independence1. The qualitative
test-selection strategies do not have to be computed, as they can be directly
read off from the graphical representation of the network.

1Both the computation of maximum weak MAP-independence as well as the compu-
tations for the test-selection strategies need the posterior probabilities Pr(H | e) and
Pr(H | e ∪ {i}) for all i ∈ Ω(I), where H is the hypothesis variable, e is the available evi-
dence and variable I is an unobserved intermediate variable that is not MAP-independent.
When computing maximum MAP-independence and the test-selection strategy values to-
gether, these values only need to be computed once, which saves execution time.
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Algorithm 1 Maximum Weak MAP-independence

Input: Bayesian network B partitioned in E = e, H = h∗ and I.
Output: A set R ⊆ I which contains all intermediate variables that are

weakly MAP-independent from H given e.
R = new set
for all I ∈ I do

independent = true
for all i ∈ Ω(I) do

if argmaxH Pr(H, I = i | e) ̸= h∗ then
independent = false

end if
end for
if independent then

R.add(I)
end if

end for
return R

Subsequently, iteratively one of the intermediate variables I ∈ I is added
to the evidence set E with a particular value assignment i and removed
from the set of intermediate variables, provided that this variable is not
MAP-independent (not in set R). For the resulting Bayesian network, again
the maximum set of MAP-independent variables is computed according to
Maximum Weak MAP-independence. Furthermore, the probability of
observing value i, given the already available evidence e is computed (Pr(i |
e)). This probability is then multiplied by the size of the maximum set
of MAP-independent variables. When doing this for all values i ∈ Ω(I)
and adding the results together, the expected number of MAP-independent
variables when observing variable I can be computed. After computing the
expected number of MAP-independent variables for every variable that is
not MAP-independent, the best variable(s) to observe can be identified. The
entire algorithm to determine the best variables to observe is given in the
pseudo-code below (Algorithm 2).
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Algorithm 2 MAP-selection

Input: Bayesian network B partitioned in E = e, H = h∗ and I; a set R,
consisting of all weak MAP-independent variables in the network;

Output: A set of variables V ⊆ R which have the largest expected
number of weak MAP-independent variables when observed,
or alternatively an empty set if no variable can increase set R.

bestV ariables = new set
maximalSize =| R |
for all R ∈ R do

expectedSize = 0
for all r ∈ Ω(R) do

Enew = E ∪ {R}
enew = e ∪ {r}
Hnew = H
h∗new = h∗

Inew = I \ {R}
R′ =Maximum Weak MAP-independence(B, Enew, enew,

Hnew, h
∗
new, Inew)

expectedSize = expectedSize+ (Pr(r | e)· | R′ |)
end for
if expectedSize > maximalSize then

maximalSize = expectedSize
bestV ariables =new set(R)

else if expectedSize == maximalSize then
bestV ariables.add(R)

end if
end for
return bestV ariables
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Chapter 4

Results

We analysed the usability of the test-selection strategy using 164 simulations
on the ALARM network, varying the size of the evidence set. Figure 4.1
shows the distribution of the number of MAP-dependent variables over the
simulation runs. The number of MAP-dependent variables in a given simu-
lation run indicates how many variables can potentially become (also) MAP-
independent in that simulation run. As can be seen, the number of relevant
MAP-dependent variables is fairly limited (between zero and six) in most
simulation runs, showing that the number of MAP-independent variables is
already quite high in those runs. However, we also see that some simula-
tion runs contain many MAP-dependent variables, with as most prominent
example the simulation run in which there are initially 26 MAP-dependent
variables which would change the best explanation of the hypothesis vari-
able. Especially in those scenarios, using a test-selection strategy to select
the best variable to observe could potentially help to significantly decrease
the number of MAP-dependent variables, thereby increasing the number of
MAP-independent variables.

Table 4.1 furthermore confirms our beliefs that with a larger evidence
set, the number of MAP-independent variables is more often already large at
the start of a simulation. Namely, the table summarizes the mean number of
MAP-dependent variables in a simulation run for the different sizes of the set
evidence variables. In general, it can be seen that the mean number of MAP-
dependent variables in simulation runs tends to decrease when increasing the
size of the evidence set, which means that the number of MAP-independent
variables tends to become larger when more variables are observed. This
seems to justify the decision to keep the number of relevant variables limited
in the current study.

To assess how well the test-selection strategies as described in the previ-
ous section can be used to solve the MAP-selection problem and increase
the number of MAP-independent variables, we used two different measures:
(1) rank-approximation of the best variable, indicating whether or not a
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Figure 4.1
The distribution of the number of relevant MAP-dependent variables over the simulation runs,
indicating how many variables can potentially become (also) MAP-independent. It can be seen the
number of MAP-dependent variables is rather small (between zero and six) in most simulations.
However, the distribution has a long right tail, which indicates that there are also scenarios in
which the number of MAP-independent variables can be significantly increased.

Table 4.1
Overview of the mean number of MAP-dependent variables over the simulation runs for different
sizes of the evidence set.

Size of evidence set Nr of sim runs
Mean nr of

MAP-dependent vars

0 19 5.684 (min:0, max:26)

1 47 6.468 (min:0, max:21)

2 51 4.039 (min:0, max:12)

3 24 4.542 (min:0, max:14)

4 23 3.000 (min:0, max:10)
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test-selection strategy can systematically identify which variable in a simu-
lation run is expected to yield the largest number of MAP-independent vari-
ables, (2) value-approximation of the expected number of MAP-independent
variables, indicating whether or not the value of a test-selection strategy
correlates with the expected number of MAP-independent variables. The
intuition behind these measures will be explicated in the respective subsec-
tions.

For the analyses, simulation runs in which all variables or all variables
except one are MAP-independent will not be considered, which rules out 48
simulation runs. Namely, when all variables are MAP-independent, there
will be no point in observing an additional variable, because the best ex-
planation of the explanation variable would not change. Similarly, when all
variables are MAP-independent except for one, it is obvious which variable
to observe next, because only one variable changes the best explanation of
the explanation variable. Therefore, these simulations do not provide us
with any insight into which test-selection strategy might serve as a good
test-selection strategy. In the following sections, the results for the two
analyses will be discussed.

4.1 Rank-approximation

In the first method of evaluation, it is assessed how well a test-selection
strategy can indicate which variable in the set of MAP-dependent variables
is the best variable to observe. It can be investigated in how many simulation
runs the best variable to observe is included in the top n variables according
to the test-selection strategies. In each simulation run, the variable with
the largest expected number of MAP-independent variables is identified as
the best variable to observe in that simulation run. The n best variables
to observe according to the test-selection strategies are identified based on
maximizing or minimizing the test-selection strategy value. For the dis-
tance to the explanation variable, the n variables with the smallest distance
are considered the best variables, because the distance to the explanation
variable should be minimized. For all other test-selection strategies, the n
variables with the highest value are considered the best variables, as those
test-selection strategy values should be maximized. When variables are not
included in the top n but do have the same value for the test-selection strat-
egy as a variable that is included in the top n, we decided to add this variable
to the top n variables too, even though that meant exceeding n.

We obtain the theoretical chance level for the number of simulation runs
in which the best variable to observe is included in the top n variables in the
following way: we calculate the probability that the best variable to observe
is included in n randomly selected variables from a set of k MAP-dependent
variables. Subsequently, we multiply this probability by the number of sim-
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Table 4.2
Overview of the number and percentage of simulation runs in which the best variable to observe is
included in the top one, top two and top three variables respectively for each test-selection strategy,
based on minimizing (distance) or maximizing (other strategies) the test-selection strategy values.
The best variable to observe is defined as the variable with the largest expected number of MAP-
independent variables.

Test-selection strategy
Nr of sims

in top 1

Nr of sims

in top 2

Nr of sims

in top 3

% of sims

in top 1

% of sims

in top 2

% of sims

in top 3

In-degree 34 66 90 29.310 56.897 77.586

Out-degree 41 79 95 35.345 68.103 81.897

Total degree 50 77 96 43.103 66.379 82.759

Distance 103 105 110 88.793 90.517 94.828

Expected utility 70 105 108 60.345 90.517 93.103

Expected Gini index 75 103 110 64.655 88.793 94.828

Mutual information 69 96 104 59.483 82.759 89.655

ulation runs with k MAP-dependent variables. Calculating this for all k
and adding the results together then gives the number of simulation runs in
which the best variable to observe is included in a set of n randomly selected
variables. As such, we can see that the theoretical chance levels are 24.94
(21.5%), 49.88 (43.0%) and 66.82 (57.6%) simulation runs for the top one,
top two and top three variables respectively.

The results of the rank-approximation for the test-selection strategies
are summarized in Table 4.2 and Figure 4.2. The bar plots in Figure 4.2
show the percentage of simulations in which the best variable to observe
is included in the top n variables according to the different test-selection
strategies, where n is varied between one (indicating that the best variable
to observe is also the best variable to observe according to the test-selection
strategy) and three (indicating that the best variable to observe is in the
top three best variables to observe according to the test-selection strategy).

In general, it can be seen that all test-selection strategies perform better
than chance for different values of n. The distance between an intermediate
variable and the explanation variable seems to be the best indicator of which
variable to observe, where the test-selection strategy could correctly identify
the best variable to observe in 88.8% of the simulation runs. However, this
difference decreases when looking at the top two and top three best vari-
ables according to the test-selection strategies, where the expected utility,
expected Gini index and mutual information give similar results. Results
suggest that the in-degree, out-degree and total degree are least good at
indicating which variable to observe next, where the percentages are struc-
turally lower than for the other test-selection strategies.

Table 4.3 shows the number of simulation runs in which there is more
than one best variable to observe according to a test-selection strategy. Test-
selection strategies should aim to keep this number as low as possible, be-
cause having multiple best variables means that a choice still has to be made
about which variable to select out of all variables with the best value ac-
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Figure 4.2
Bar plots indicating for each test-selection strategy the percentage of simulations in which the
best variable to observe is included in the top one, top two and top three variables according to
the test-selection strategy. The top one, top two and top three variables according to the test-
selection strategies are selected based on minimizing (distance) or maximizing (other strategies)
the test-selection strategy values. It can be seen that the in-degree, out-degree and total degree
are performing structurally worse than the other test-selection strategies. The distance to the
explanation variable seems to be the best indicator of the best variable to observe, although this
is only the case when the best variable to observe is the top one variable according to the test-
selection strategy.
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Table 4.3
Overview of the number and percentage of simulations in which there are multiple best variables
to observe according to the test-selection strategies, based on minimizing (distance) or maximizing
(other strategies) the test-selection strategy values.

Test-selection strategy
Nr of sims with

multiple best vars

%sims with

multiple best vars

In-degree 34 0.293

Out-degree 11 0.095

Total degree 33 0.284

Distance 92 0.793

Expected utility 4 0.034

Expected Gini index 4 0.034

Mutual information 4 0.034

cording to the test-selection strategy. This is generally undesirable. As can
be seen in the table, especially the qualitative test-selection strategies (in
which the distance to the explanation variable stands out most) have many
simulation runs in which there is no single best variable to observe. On the
other hand, the expected utility, expected Gini index and mutual informa-
tion seem to perform better in this regard, with only four simulation runs
in which there are multiple variables with the same highest test-selection
strategy value.

As the analysis above is carried out with simulation data for which there
is more than one MAP-dependent variable in a simulation run, this data also
contains simulation runs in which there are two or three MAP-dependent
variables. This might influence the results summarized in Table 4.2 and
Figure 4.2 since the best variable to observe is always included in the top
three variables for those simulation runs. Hence, to see whether this has
any effect on the results of the study, a second analysis is carried out in
which all these simulation runs are removed from the data. Furthermore,
simulation runs with less than seven MAP-dependent variables are removed
from the data, such that the probability of the best variable being included
in a randomly selected set of three variables is always smaller than 0.5.
Using this additional analysis, something can be said about whether or not
the usefulness of test-selection strategies depends on the number of MAP-
dependent variables in a simulation run.

While the full analysis that is carried out on this data is added to Ap-
pendix A.1, we will here give a short summary of the findings. To start, all
test-selection strategies are still performing better than chance, although the
percentage of simulations in which the best variable to observe is included
in the top n variables according to the test-selection strategies decreased
compared to the analysis laid out above. For the in-degree, out-degree and
total degree, this difference is quite substantial. For the other test-selection
strategies, the difference is only minor. The general trend of the data is
still the same, which means that the in-degree, out-degree and total degree
still perform structurally worse than the other test-selection strategies and
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distance is still the best indicator of the best variable to observe.
Regarding the number of simulations in which there are multiple best

variables to observe according to the test-selection strategies, the relative
number of simulation runs in which this occurs for the in-degree, total de-
gree and distance has increased, which means that there are still many
simulations in which there is no single best variable to observe according to
these strategies. For the expected utility, expected Gini index and mutual
information, there are no simulation runs anymore in which there are mul-
tiple best variables, which means that these selection strategies are able to
select a single best variable to observe in every simulation run with more
than six MAP-dependent variables.

4.2 Value-approximation

While the rank-approximation analysis as done in Section 4.1 focuses ex-
clusively on whether or not a test-selection strategy is able to identify the
best variable to observe in a simulation run, it can also be tested whether
or not the values of the test-selection strategies correlate with the expected
number of MAP-independent variables. After all, the values for the test-
selection strategies need to be maximized or minimized to select the variable
which is expected to have the largest number of MAP-independent variables.
Therefore, there could be a correlation between the value of a test-selection
strategy and the expected number of MAP-independent variables. Take for
example the expected Gini index. Earlier, we argued that variables with a
higher expected Gini index are better able to decrease the uncertainty in
the explanation variable and because of this, more variables should become
MAP-independent. Using value-approximation, we can see whether or not
this is actually the case and whether indeed a variable with a higher expected
Gini index is associated with a larger expected number of MAP-independent
variables. For the other test-selection strategies, a similar argument can be
made.

Testing whether or not the values of the test-selection strategies correlate
with the expected number of MAP-independent variables can serve as an
additional check to see whether the test-selection strategies are consistently
evaluated across methods. Furthermore, when a test-selection strategy is
able to value-approximate the expected number of weak MAP-independent
variables well, this may also provide a useful indication about whether or
not it is even preferable to observe another variable. Namely, when the
value of a test-selection strategy for the best variable is associated with
an expected number of MAP-independent variables that is lower than the
current number of MAP-independent variables, it might not be beneficial
to observe an additional variable, even though this is the best variable to
observe according to the test-selection strategy.
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In order to understand how well the different test-selection strategies can
value-approximate the expected number of MAP-independent variables, we
look for the Pearson correlation between the values of a test-selection strat-
egy and the expected number of MAP-dependent variables. Note that MAP-
dependence is the complement of MAP-independence and therefore, this will
give us the same information. However, using MAP-dependence instead of
MAP-independence does not give the problem that the maximum expected
number of MAP-independent variables can differ between simulation runs.
After all, when the evidence set consists of zero evidence variables, there
can be at most 36 MAP-independent variables in the ALARM network. On
the other hand, when the evidence set consists of four evidence variables,
there can be at most 32 MAP-independent variables1.

Figure 4.3 shows the scatter plots in which the values for the different
test-selection strategies are plotted against the expected number of MAP-
dependent variables. Whereas no immediate relationship can be seen be-
tween the in-degree, out-degree or total degree and the expected number of
MAP-dependent variables, a positive relationship can be identified between
the distance of an intermediate variable to the hypothesis variable and the
expected number of MAP-dependent variables, where a higher distance cor-
responds to a higher expected number of MAP-dependent variables. For
the expected utility, expected Gini index and mutual information, negative
relationships can be identified, although these relationships do not seem to
be completely linear.

1Recall that the ALARM network consists of 37 variables in total. One variable con-
stitutes the explanation set and four variables constitute the evidence set. This leaves 32
intermediate variables that can be MAP-independent.
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(a) (b)
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(e) (f)

(g)

Figure 4.3
Scatter plots where the (a) in-degree, (b) out-degree, (c) total degree, (d) distance to the explana-
tion variable, (e) expected utility, (f) expected Gini index and (g) mutual information are plotted
on the x-axis against the expected number of MAP-dependent variables on the y-axis. In (a), (b)
and (c), no clear relationship can be established. For (d), there seems to be a positive relationship
between the variables. For (e), (f) and (g), the relationship seems to be negative.
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Table 4.4
Overview of the correlations of the test-selection strategy values with the expected number of
MAP-dependent variables and the fitted regression models.

Test-selection strategy Transformation Pearson’s r R-squared Adj. R-squared Intercept Coef

In-degree None -0.038 0.001 0.000 7.492 -0.171

Out-degree** None -0.116 0.014 0.012 7.820 -0.448

Total degree** None -0.134 0.018 0.017 8.579 -0.463

Distance** None 0.593 0.352 0.351 1.997 2.537

Expected utility** Log -0.435 0.189 0.188 2.580 -2.148

Expected Gini index** Log -0.566 0.321 0.320 1.962 -1.927

Mutual information** Log -0.592 0.353 0.352 3.471 -2.002
** Indicates significance at the p < 0.01 level.

To assess the strengths of the correlations between the values of the
test-selection strategies (independent variable) and the expected number
of MAP-dependent variables (dependent variable), linear regression can be
used. We have to note that linear regression might be a sub-optimal model
to use in the current context, as the assumption of normally distributed
residuals and equal variance are violated by some test-selection strategies.
However, using linear regression can still provide us with useful information,
although results need to be interpreted with care. For the analysis, the
expected utility, expected Gini index and mutual information have been
log-transformed to improve linearity with the expected number of MAP-
dependent variables.

Results of the regression models are shown in Table 4.4. It can be seen
that the in-degree of a variable has no statistically significant correlation
with the expected number of MAP-dependent variables at the p < 0.01
level (also not at the p < 0.05 level). For all other test-selection strategies,
a statistically significant correlation is found at the p < 0.01 level. When
looking at Pearson’s r, it can be seen that both out-degree and total degree
have a very weak negative correlation with the expected number of MAP-
dependent variables. On the other hand, there seems to be a moderately
strong positive correlation between the distance and the expected number
of MAP-dependent variables, where a larger distance between the interme-
diate and explanation variable is associated with a larger expected number
of MAP-dependent variables (and therefore a smaller expected number of
MAP-independent variables). For the expected utility, expected Gini index
and mutual information, there seems to be a moderately strong negative
correlation with the expected number of MAP-dependent variables.

Similar to the rank-approximation, it would be interesting to see whether
the usefulness of the test-selection strategies depends on the number of
MAP-dependent variables in a simulation run. Therefore, again a second
analysis is carried out in which only simulation runs with more than six
MAP-dependent variables are considered to test whether or not the corre-
lation with the expected number of MAP-dependent variables changes.
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The full analysis is added to the Appendix A.2. However, we will sum-
marize the results here. It can be seen that all test-selection strategies
now show a statistically significant correlation with the expected number of
MAP-dependent variables at the p < 0.05 level, where all strategies apart
from in-degree also show significance at the p < 0.01 level. Furthermore, the
correlations seem to have increased slightly compared to the analysis laid
out above, except for the distance, which has a correlation that has slightly
decreased. This suggests that in general, the number of MAP-dependent
variables in a simulation run has almost no negative influence on the cor-
relations of the test-selection strategy values with the expected number of
MAP-(in)dependent variables. In fact, the correlations tend to increase
rather than decrease when there are more MAP-dependent variables in a
simulation run, although the strengths of the correlations have not signifi-
cantly improved.
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Chapter 5

Discussion

In this paper, the aim was to investigate which test-selection strategies could
serve as a good heuristic to increase the number of MAP-independent vari-
ables. We specifically focused on weak MAP-independence, as strong MAP-
independence is highly intractable and as such poses computational diffi-
culties (Kwisthout, 2021). We defined the best variable to observe as the
variable which has the largest expected number of MAP-independent vari-
ables when observed. Using this definition of the best variable to observe,
we formally introduced MAP-selection as the computational problem of
interest. Using simulations on the ALARM network, it could be inves-
tigated which test-selection strategy could provide good solutions to the
MAP-selection problem.

In the current study, the test selection strategies that were investigated
were the in-degree, out-degree and total degree of a variable, the distance to
the explanation variable, the expected utility as defined by van der Gaag and
Wessels (1993), the expected Gini index and the mutual information with the
explanation variable. In order to test how well the test-selection strategies
performed, it was evaluated whether or not the test-selection strategies were
able to rank-approximate the best variable to observe and whether or not
the test-selection strategies were able to value-approximate the expected
number of MAP-(in)dependent variables. Furthermore, it was evaluated
whether or not the performance of the test-selection strategies depended on
the number of MAP-(in)dependent variables.

In general, we found that the performance of the test-selection strate-
gies distance, expected utility, expected Gini index and mutual information
is hardly affected by the number of MAP-(in)dependent variables. Results
indicate that the percentage of simulation runs in which the best variable to
observe is identified by these test-selection strategies slightly decreased and
the correlation with the expected number of MAP-(in)dependent variables
slightly increased when the number of MAP-dependent variables increased.
This suggests that the usability of the test-selection strategies does not sig-
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nificantly degrade when the number of MAP-dependent variables becomes
larger. For the in-degree, out-degree and total degree of a variable, we found
a more significant decrease in the percentage of simulations in which the best
variable to observe is identified by the test-selection strategies. Therefore,
we can conclude that these test-selection strategies are not able to handle
scenarios with many MAP-dependent variables that well.

Based on the simulations, we can conclude that the in-degree, out-degree
and total degree of a variable do not serve as a good heuristic to increase
the number of MAP-independent variables. In real-world settings, observ-
ing additional variables might be costly, damaging or otherwise unwished
for (Van der Gaag, 1996). Therefore, the general goal is to observe only the
most useful variables to the problem under consideration. Results indicate
that the in-degree, out-degree and total degree are able to identify the best
variable in less than 45% of the simulations when considering all simula-
tion runs where a choice has to be made about which variable to select.
For the particularly interesting simulations in which the number of MAP-
independent variables is initially low, this is even less than 30%. Although
both are better than chance, these percentages might be too low to be effec-
tively used in real-world settings. Also with respect to value-approximation,
we see no apparent correlation between the in-degree, out-degree and total
degree on the one hand and the expected number of MAP-(in)dependent
variables on the other hand, which further supports the conclusion that the
three selection strategies are not well-suited as a heuristic.

A possible explanation for the limited use of the in-degree, out-degree
and total degree of a variable as a test-selection strategy might be that we
did not consider the fact that many variables which are parents (part of the
in-degree) or children (part of the out-degree) of the intermediate variable
could potentially already be MAP-independent. This means that the in-
degree, out-degree and total degree as investigated in this study might give
a wrong indication about the actual importance of an intermediate variable,
therefore ultimately resulting in a sub-optimal test-selection strategy. In
this regard, adjusting the test-selection strategies to take into account that
variables may already be MAP-independent might improve their usability.

Whereas the test-selection strategies for the in-degree, out-degree and
total degree of a variable do not serve as good heuristics for increasing the
number of MAP-independent variables, simulation results suggest that the
distance to the explanation variable is already a better test-selection strat-
egy. Apart from the fact that the best variable to observe can be indicated
by distance to the explanation variable in more than 80% of the simulation
runs, we also see that distance correlates moderately strong with the ex-
pected number of MAP-(in)dependent variables, where a smaller distance
is associated with a larger expected number of MAP-independent variables.
Hence, the evaluations suggest that distance could provide a good test-
selection strategy to identify which variable is best to observe, as well as to
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give an indication on the expected number of MAP-(in)dependent variables
that can be used to signify whether observing an additional variable is use-
ful at all. However, a disadvantage of using the distance as a test-selection
strategy is that there is often no single variable with the smallest distance
to the explanation variable (see Table 4.3 and Table A.2). This makes using
the distance as a test-selection strategy more difficult, as the user is still left
with multiple variables to decide between. Therefore, it might be concluded
that the distance to the explanation variable could be a good first step in
selecting the best variable to observe. However, additional steps have to be
taken to arrive at a single best variable to observe.

The intuition behind the fact that the distance to the explanation vari-
able might be a good test-selection strategy is that intermediate variables
with a smaller distance to the explanation variable are more likely to contain
much information about the explanation variable, thereby reducing or block-
ing the influence of other variables on the explanation variable. Simulation
results support this intuition, where Figure 4.3d shows that typically MAP-
dependent variables have a small distance to the explanation variable. It can
be argued that MAP-dependent variables contain much information about
the explanation variable since these variables are able to change the best
explanation of the explanation variable. Therefore, it can also be argued
that variables closer to the explanation variable contain more information
about the explanation variable.

Regarding the quantitative test-selection strategies, it can be concluded
that the expected utility, expected Gini index and mutual information serve
as good heuristics to increase the number of MAP-independent variables.
From the simulation results, we observe that the three test-selection strate-
gies have approximately the same performance. This is probably a result of
the fact that the strategies all have essentially the same goal of minimizing
the uncertainty in the explanation variable (Sent & Van der Gaag, 2007;
Van der Gaag & Wessels, 1993). That is, the only difference between the
strategies is in the way information from the posterior distributions of the
explanation variable is used. The three test-selection strategies are able to
indicate the best variable to observe in approximately 60% of the simula-
tions, which increases to approximately 90% when allowing the best variable
to be part of the top two variables according to the test-selection strategies.
In real-world settings, this may be very reasonable. Furthermore, all test-
selection strategies show a moderately strong correlation with the expected
number of MAP-(in)dependent variables, suggesting that the value of the
test-selection strategies can provide a reasonably good indication of the ex-
pected number of MAP-(in)dependent variables. This also contributes to the
conclusion that the test-selection strategies may serve as good heuristics.

In a previous study, it has already been shown that the Gini index is well-
suited for decreasing the uncertainty in explanation variable (Sent & Van der
Gaag, 2007), thereby making the best explanation more robust and stable.
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Additionally, it has been argued that the expected utility may be a good
starting point for research in selective evidence gathering to make the best
explanation more robust and stable (Van der Gaag & Wessels, 1993). In the
current study, it has been shown that these test-selection strategies serve as
good heuristics to increase the expected number of MAP-independent vari-
ables with respect to the explanation variable. This suggests that making
the best explanation more robust and stable may implicitly be the under-
lying objective of increasing the (expected) number of MAP-independent
variables with respect to the explanation variable. As hypothesized earlier,
making the best explanation more robust and stable also means that the
best explanation is less likely to be influenced by other variables, hence the
number of MAP-independent variables should increase. This intuition seems
to be supported by the simulation results.

In the current study, we made the claim that the justification of a MAP
explanation based on the concept of MAP-independence may be inadequate
when the number of MAP-independent variables is small. That is, when
there are many relevant variables according to MAP-independence and thus
many variables can influence the decision, the user can only gain a limited
understanding of the decision. In order to make this claim, we implicitly
assumed that there were scenarios with many relevant MAP-dependent vari-
ables. Figure 4.1 illustrates that this assumption is valid in the current
study, where we can see a long tail in the distribution of MAP-dependent
variables. In approximately a quarter of the simulations, the number of
MAP-dependent variables is larger than six, which should already make it
more difficult for a user to understand the decision. Therefore, we can con-
clude that research is really needed into test-selection strategies that can
increase the number of MAP-independent variables, thereby making the de-
cision better to motivate and easier to understand for the user.

Although this study has shown that distance to the explanation variable,
expected utility, expected Gini index and mutual information may be good
test-selection strategies to use in order to increase the number of MAP-
independent variables with respect to the explanation variable, results need
to be interpreted with care. First of all, we acknowledge that the model we
used to test whether or not the test-selection strategy values correlate with
the expected number of MAP-(in)dependent variables is sub-optimal. Not
all assumptions for using linear regression were satisfied by the test-selection
strategies, which means that the regression models might be inaccurate and
therefore the correlations might also be imprecise.

Furthermore, we tested the test-selection strategies specifically on the
ALARM network in the current study. This means that the simulation
results might be an artifact of the characteristics of the network and there-
fore, the results obtained in the current study may not generalise to other
Bayesian networks. More research is needed to verify whether the test-
selection strategies investigated in the current study are able to solve the
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MAP-selection problem for a larger population of Bayesian networks.
With the results of these studies, findings about the usability of the test-
selection strategies can subsequently be generalised.

Lastly, we note that the list of test-selection strategies that were investi-
gated in the current study is by no means exhaustive. Therefore, it might be
worthwhile to investigate also different test-selection strategies that could
potentially be used as a heuristic to increase the number of MAP-dependent
variables. It may be that one or multiple test-selection strategies are a signif-
icant improvement over the current test-selection strategies that were used,
which means that our conclusions about the usability of these test-selection
strategies might have to be adjusted in that case.

It can also be investigated which test-selection strategies can be used
as a heuristic to increase the number of MAP-independent variables when
some or all of the simplifying assumptions that we made in the current
study are relaxed. Namely, in the current study we took a myopic approach
toward evidence gathering, which means that only one intermediate variable
is selected at a time. Secondly, the explanation set consisted of only one
explanation variable in this study. While these simplifications assured that
the study was manageable and simulations did not take a disproportional
amount of time, we note that in real-world applications, these simplifying
assumptions will most likely not hold. Research has shown that experts
often select tests to observe variables in packages, instead of one after the
other (Sent et al., 2005). This means that experts will be more inclined
to use a non-myopic approach instead of a myopic approach. Furthermore,
experts might be interested in multiple explanation variables at the same
time (Van der Gaag, 1996). Therefore, real-world applications might benefit
from a study that investigates which test-selection strategies are useful in
these settings without using the assumptions that we made in the current
study.

Finally, future work may focus on finding test-selection strategies that
could be used as a heuristic to increase the number of strong MAP-independent
variables. In the current study, we only looked at weak MAP-independence,
where variables in the set could not interact with each other. It might also
be interesting to see whether there are good test-selection strategies when
variables do interact with each other. We note that this might require a more
sophisticated test-selection strategy that can better capture the interactions
between variables.
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Appendix A

Appendix

In the Appendix, we show the additional analyses that were carried out in
more detail, which have as goal to evaluate whether or not the usefulness of
test-selection strategies depends on the number of MAP-dependent variables
in a simulation run. That is, we will show the results for the (1) rank-
approximation and (2) value-approximation to see how well test-selection
strategies perform in simulation runs with more than six MAP-dependent
variables. In the final section, we provide a link to a GitHub page containing
all code and data that is used in order to run simulations and analyse the
results.

A.1 Rank-approximation second analysis

To evaluate how well a test-selection strategy can indicate which variable in
the set of MAP-dependent variables is the best variable to observe, the same
procedure is used as described in Section 4.1. Namely, in each simulation
run, the variable with the largest expected number of MAP-independent
variables is identified as the best variable to observe and the top one, top two
and top three variables according to the test-selection strategies are based
on minimizing (distance) or maximizing (other strategies) the test-selection
strategy value. If variables are not included in the top n but do have the
same test-selection strategy value as another variable that is included in the
top n, we added this variable to the top n variables too.

Using the data containing simulation runs with more than six MAP-
dependent variables, the theoretical chance levels for the number of simu-
lation runs in which the best variable to observe is included in the top n
variables are 4.89 (4.2%), 9.78 (8.4%) and 14.67 (12.6%) for the top one, top
two and top three respectively. Table A.1 and Figure A.1 show the results
for the analysis. As can be seen, all test-selection strategies perform better
than chance for different values of n. Furthermore, it can be observed that
the distance to the explanation variable is the best indicator of the best vari-
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Table A.1
Overview of the number and percentage of simulation runs is in which the best variable to observe is
included in the top one, top two and top three variables respectively for each test-selection strategy,
based on minimizing (distance) or maximizing (other strategies) the test-selection strategy values.
The best variable to observe is defined as the variable with the largest expected number of MAP-
independent variables. For this analysis, only simulation runs with more than six MAP-dependent
variables are considered.

Test-selection strategy
Nr of sims

in top 1

Nr of sims

in top 2

Nr of sims

in top 3

% of sims

in top 1

% of sims

in top 2

% of sims

in top 3

In-degree 6 20 38 12.766 42.553 80.851a

Out-degree 6 26 33 12.766 55.319 70.213

Total degree 12 23 31 25.532 48.936 65.957

Distance 39 39 43 82.979 82.979 91.489

Expected utility 26 45 45 55.319 95.745a 95.745a

Expected Gini index 29 42 45 61.702 89.362a 95.745a

Mutual information 26 36 41 55.319 76.596 87.234

a Indicates improvement compared to the analysis containing all simulation runs with more than one MAP-dependent
variable.

able to observe and that the in-degree, out-degree and total degree perform
structurally worse than the other test-selection strategies.

In general, it can be seen that the percentage of simulation runs in
which the best variable is included in the top n variables according to the
test-selection strategies decreased compared to the previous analysis, except
for a few situations indicated in Table A.1. This suggests that having more
MAP-dependent variables tends to negatively impact the performance of
the test-selection strategies. However, for the distance to the explanation
variable, the expected utility, expected Gini index and mutual information,
this impact is not very large as the percentages only slightly decreased com-
pared to the previous analysis (approximately 5% for the top one results).
For the test-selection strategies in-degree, out-degree and total degree, the
impact seems to be more substantial (more than 10% decrease for most con-
ditions), indicating that these test-selection strategies are affected more by
the number of MAP-dependent variables.

When looking at the number of simulation runs in which there is more
than one best variable to observe according to the test-selection strategy
as summarized in Table A.2, it can be seen that especially distance to the
explanation variable has a much higher percentage of simulation runs in
which there is no single best variable to observe (93.6% compared to 79.3%).
However, also the in-degree and total degree show an increase compared to
the previous analysis. On the other hand, the expected utility, expected
Gini index and mutual information have no simulation runs anymore in
which multiple variables have the same test-selection strategy value.
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Figure A.1
Similar to Figure 4.2, where only simulation runs with more than six MAP-dependent variables
are considered. The bar plots indicate for each test-selection strategy the percentage of simulation
runs in which the best variable to observe is included in the top one, top two and top three results
according to the test-selection strategy. Similar to Figure 4.2, the in-degree, out-degree and total
degree are performing structurally worse than the other test-selection strategies. Furthermore, the
distance to the explanation variable seems to be the best indicator of the best variable to observe
again, although for the top two and top three variables, the expected utility and expected Gini
index seem to be performing better.

Table A.2
Overview of the number and percentage of simulation runs in which there are multiple best
variables to observe according to the test-selection strategies, based on minimizing (distance)
or maximizing (other strategies) the test-selection strategy value. For this analysis, only the
simulation runs with more than six MAP-dependent variables are considered.

Test-selection strategy
Nr of sims with

multiple best vars

%sims with

multiple best vars

In-degree 14 0.298a

Out-degree 1 0.021

Total degree 16 0.340a

Distance 44 0.936a

Expected utility 0 0.000

Expected Gini index 0 0.000

Mutual information 0 0.000

a Indicates a higher percentage compared to the analysis containing all simulation runs with more than one MAP-
independent variable.
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A.2 Value-approximation second analysis

To evaluate how well the test-selection strategy values (independent vari-
able) correlate with the expected number of MAP-dependent variables (de-
pendent variable), linear regression is used similar to the analysis carried
out in Section 4.2. We note again that the assumptions of normally dis-
tributed residuals and equal variance are violated by some test-selection
strategies, so the results have to be interpreted with care. For the analysis,
the expected utility, expected Gini index and mutual information have been
log-transformed again.

Table A.3 summarizes the results for the regression models where only
simulation runs with more than six MAP-dependent variables are consid-
ered. As can be seen in the results, all test-selection strategies have a statis-
tically significant correlation with the expected number of MAP-dependent
variables, where the in-degree has a statistically significant correlation with
the expected number of MAP-dependent variables at the p < 0.05 level and
the other test-selection strategies have a statistically significant correlation
at the p < 0.01 level.

When looking at Pearson’s r, Table A.3 shows that the in-degree, out-
degree and total degree have almost no correlation with the expected num-
ber of MAP-dependent variables. The other test-selection strategies show a
moderately strong correlation with the expected number of MAP-dependent
variables, where the correlation is positive for distance, indicating that
a larger distance tends to result in a larger expected number of MAP-
dependent variables and hence a smaller expected number of MAP-independent
variables. On the other hand, the expected utility, expected Gini index
and mutual information have a negative correlation with the expected num-
ber of MAP-dependent variables, indicating that the expected number of
MAP-dependent variables tends to decrease and hence the expected number
of MAP-independent variables tends to increase when these test-selection
strategies show a higher value. Compared to the previous analysis, we see
that the correlations are in general (except for the distance) higher than
before, although the strengths of the correlations have not significantly im-
proved.

A.3 Code

This section contains the link to the GitHub page which contains all code
and data that is used to analyse the test-selection strategies. The page
contains both the java program that is used for the simulation runs, the
data that was obtained from running 164 simulation runs as well as the
python file that is used to analyse the data.
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Table A.3
Overview of the correlations of the test-selection strategy values with the expected number of
MAP-dependent variables and the fitted regression models. For this analysis, only simulation
runs with more than six MAP-dependent variables are considered.

Test-selection strategy Transformation Pearson’s r R-squared Adj. R-squared Intercept Coef

In-degree* None -0.100 0.010 0.008 9.921 -0.464

Out-degree** None -0.135 0.018 0.016 9.885 -0.541

Total degree** None -0.194 0.038 0.036 11.184 -0.685

Distance** None 0.549 0.301 0.300 4.156 2.166

Expected utility** Log -0.614 0.377 0.376 2.891 -2.914

Expected Gini index** Log -0.681 0.464 0.463 3.276 -2.087

Mutual information** Log -0.667 0.452 0.451 5.116 -2.020

* Indicates significance at the p < 0.05 level.
** Indicates significance at the p < 0.01 level.

https://github.com/SimonJanssen1/MAP-independence Thesis Simon Janssen.
git
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