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Abstract

The aim in the field of brain-computer interfaces is to control an electronic device using brain
responses that are recorded in an electroencephalogram. These brain signals can be decoded by
means of the Riemannian metrics that are associated with the Riemannian manifold. This way of
classifying allows for transfer learning possibilities and is more robust opposite to the Euclidean
approach. However, to get to these desired characteristics, the data points that represent a
single brain response need to be represented by their covariance matrices. This is a drawback of
the framework, as the sample covariance matrix is a sub-optimal estimator of the true covariance
matrix when the number of samples is low compared to the number of features. To improve the
estimator and enhance the classification performance, I apply shrinkage regularization on the
different submatrices of the epoch-based covariance matrix. To assess the effect of this method,
I compare two decoding algorithms against a baseline using six datasets. The results show that
there is a significant increase in classification performance for one out of the six datasets.
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Conventions & Code

Mathematical Conventions

In the mathematical formulae that are used in this work I follow the conventions described in
the table below.

Mathematical element Meaning Typeset

Scalars
Sample parameter Lowercase Latin alphabet

true or target parameter Lowercase Greek alphabet

Vectors
Sample parameter Bold lowercase Latin alphabet

true or target parameter Bold lowercase Greek alphabet

Matrices
Sample parameter Bold uppercase Latin alphabet

True or target parameter Bold uppercase Greek alphabet

Table 1: The mathematical conventions used throughout this thesis.

Code

This work comes with python code that has been written to generate the figures and to carry the
analyses for Chapter 4. The code has has been made publicly available under the MIT-license
and can be found on:

https://github.com/Racemuis/epoch-based-covariance-estimates
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Chapter 1

Introduction

The neurons that constitute our brain are a source of electric activity. The processes in the brain
that underlie our functioning are characterized by measurable currents, or brain waves, that can
be recorded, for example using electroencephalography (EEG) [1]. Analysing the brain signals
is difficult due to a high trial-to-trial variability within subjects, a high variability between sub-
jects, and a low signal-to-noise ratio that is caused by artifacts and neural background activity
[2]. In the field of brain-computer interfaces (BCI), subjects are enabled to control a computer
program, where their recorded brain waves are used as input to the interface. To record brain
waves, a sample of the currents that are measured by the EEG channels is taken at a number
of time points. As a result, the data is stored in a matrix with a shape number of features ×
number of timepoints. Both supervised and unsupervised machine learning techniques are used
to decode the brain signals, prior to using it as input for the BCI [3]. The process of decoding
is referred to as a decoding pipeline.
The conditions that make it difficult to use brain signals directly are worsened by small cali-
bration data sets that are needed to train the supervised methods [3]. In addition, data could
contain subclasses, which could require the use of different classifiers. Furthermore, a high
prevalence of artifacts that make it harder to retrieve the signals of interest, can result in an
effectively smaller data set [2], [4]. When a limited number of data points is available, it is
challenging to estimate the true covariance that underlies the data [5], [6]. Still, the estimation
is vital for supervised machine learning methods such as linear discriminant analysis (LDA),
where the within and between class covariance matrices are used [2], [7].

1.1 Riemannian Geometry

To deal with the problem that has been sketched in the previous section, researchers propose
to decode brain signals using Riemannian geometry [8]. The Riemannian algorithms are more
robust and the framework allows for transfer learning [8]. However, the Riemannian metrics are
only applicable on a manifold: a mathematical space that is locally Euclidean [9, p. 1]. To get
from the Euclidean representation of the data to a manifold, the data needs to be represented
differently.

When a covariance matrix is full rank, the matrix is symmetric positive-definite (SPD) [10]. The
SPD matrices live on their own smooth manifold, that is curved as a convex cone [4], [8]. Thus,
the Riemannian metric is applied to covariance matrices, rather than Euclidean feature vectors.
Hence, the metric can be used if the covariance matrix of each data point, or more specifically,
for each time window wherein a stimulus is presented to the participant, is calculated [4], [10].
This approach has a downside: compared to the estimator of the class-wise covariance matrix
with which I started this chapter, the epoch-based covariance matrix is estimated over even
fewer data points! Still, the dimensions of the epoch-based covariance matrix would be p × p
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where p is the number of channels or features.

For the classification of event-related potentials (ERPs), a brain responses that are time locked
to a stimulus, this representation has got a drawback. Covariance matrices ∈ Rp×p do not
contain any temporal information. ERPs on the other hand, have got a specific signature in the
temporal domain as they are time-locked to the onset of the stimulus [11]. Hence, it is proposed
by Barachant et al. [12] to construct super trials of the data, where a so called prototype of
the ERP response is concatenated to the recorded brain response. The prototype of the ERP
response is obtained by averaging the single trial responses of a full class [8], [12]. As the
prototype is concatenated to the response, the new shape of the data is 2p × number of samples.
As a result, the epoch-based covariance matrix would have the dimensions 2p × 2p. Moreover,
this matrix consists out of submatrices that represent the covariance matrix of the response, the
covariance matrix of the prototype and the cross-covariance matrix between the prototype and
the response.

Due to the relatively small number of samples in a single epoch compared to the number of
features, the SCM is a poor estimator of true covariance matrix [6]. As mentioned before, this
problem can also arise when the covariance matrix of a full class is estimated. Blankertz et al.
[2] propose to apply shrinkage regularization to the covariance matrices prior to classification
as a countermeasure. They have shown that shrinking the within- and between-class covariance
matrices improves the classification score when classifying the data points with LDA [2]. In this
work, I aim to transfer this idea to the epoch-based covariance matrices by applying shrinkage
regularization on each of the matrices that represent the single data points. Therefore, my
research question is defined as follows:

1.2 Research Question

How can shrinkage regularization be applied to single data point covariance estimations to
improve the classification score of the Riemannian pipeline with respect to the Riemannian
pipeline without improved covariance estimations?

To assess the classification score, I use the area under the receiver operating characteristic
(ROC), that is often referred to as ROC AUC.

I hypothesise that the application of shrinkage regularization to the submatrices of the epoch-
based covariance matrices improves the classification score of the pipeline.

The rationale behind this hypothesis is that a better representation of the SCM leads to an
improved classification score, as in [2]. To that end I constructed two different pipelines, response
shrinkage and super trial shrinkage, to compare to a baseline. However, before I dive into my
methods, I first introduce the reader with a background regarding the SCM, ERP classification
and Riemannian geometry in chapter 2. In chapter 3 I present the work that has been done
in the fields that are related to the subject of this thesis by highlighting different papers on
Riemannian geometry and shrinkage regularization. Next, in the methods (chapter 4) I discuss
the three pipelines that I have constructed and the evaluation techniques that I have used, so
that I can go on to the results in chapter 5. Lastly, I discuss and summarize the findings in the
chapters 6 and 7.
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Chapter 2

Preliminaries
Purpose of the Chapter

Before I continue with Chapter 3, where I provide an overview of the relevant work for this
thesis, I start in section 2.1 by covering the general idea of the sample covariance matrix. Next,
I will touch upon the classification of brain signals in section 2.2. And lastly, in section 2.3, the
notion of manifolds is discussed, to provide the reader with a background before diving into the
Riemannian geometry that is tailored to the sample covariance matrices in the next chapter.

2.1 The Sample Covariance Matrix

2.1.1 Definition

In this thesis, the (improvement of the) sample covariance matrix is the central topic. To
illustrate this statistical concept, consider a data matrix X with p features, and n samples:

X ∈ Rp×n (2.1)

X can be considered a concatination of the standing feature vectors xt ∈ Rp×1 for each timepoint
in n where a sample has been taken. The covariance matrix Σ captures the relations within and
between the p features of the data. In reality, that true, or target covariance matrix is unknown.
Therefore, Σ is estimated with the sample covariance matrix (SCM), that is calculated from the
data [2]. The formula that describes the SCM, S, of the data is shown in equation (2.2) [3]. To
estimate the (co)variance, each feature vector, i.e., a single column of X, needs to be mean-free.
Therefore, the vector that contains the mean values per channel, m ∈ Rp×1, is subtracted from
each feature vector xt.

S =
1

n− 1

n∑
t=1

(xt −m)⊗ (xt −m)T (2.2)

Because of the outer product in equation (2.2) the dimensions of S are p × p. The variances
within each feature are captured on the main diagonal of the matrix, whereas the covariances
between the features are located on the off diagonal locations.
Due to the nature of the estimator, the covariance matrix is symmetric. In addition, if the
eigenvalues of the SCM are strictly positive (greater than, and not including 0), the matrix is
positive definite1 [13, p. 81]. In that case, the covariance matrix is considered symmetric positive-
definite (SPD). The SCM comes in different flavours and can also be used as an estimator when
multiple different classes are concerned. This will be elaborated in section 2.2.2.

1If the eigenvalues of the covariance matrix are only nonnegative, the matrix is considered positive semi-definite
[13, p. 81].
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2.1.2 The Sample Covariance Matrix as Sub-Optimal Estimator

The SCM is the estimator that is commonly used to approximate the population covariance
matrix [6], [14]. The quality of the estimation is dependent on the number of samples that are
available [2], [3], [5], [6]. To explain this, the data, as introduced in the previous section, equation
(2.1) are being considered. Here, p denotes the number of features, which is the dimension of
the population covariance matrix and the estimator. n on the other hand, is used to indicate
the number of samples that are collected. The distinct ratios of p to n can be grouped in to
three groups given their impact on the quality of the SCM.

- p
n > 1: When the ratio of p to n is larger than one, which is the result when the number
of samples is smaller than the dimension of the estimator, then the SCM is not full rank.
In other words, some columns of the SCM are linear combinations of others. As a result
of that, the matrix is singular : the determinant is equal to 0, meaning that the matrix is
not invertible [3], [15]. This can be troublesome for machine learning techniques such as
LDA (section 2.2.2), where the analytical solution requires the inversion of the within-class
covariance matrix [16, p. 189].

- p
n ≤ 1: the SCM will be full rank. However, if the ratio is not negligible, then the matrix
is ill-conditioned [6]. Even though it is possible to compute the inverse of ill-conditioned
matrices (because of their non-zero determinant), the estimation error will increase when
doing so [6].

- p
n << 1: Only when the ratio p

n is negligible, the estimator is well conditioned [6].

In Figure 2.1, the determinants are shown for different ratios of p to n. p is set to 100, so the
population covariance matrix Σ that has been used in the figure is a symmetric matrix with
the dimensions R100×100. The matrix has been randomly sampled from a univariate Gaussian
distribution with a mean of 0 and a standard deviation of 1. The n observations are simulated
by a multivariate normal distribution that is parameterized with Σ while having a mean of 0.
Apart from the determinants of the different sample covariance matrices, another property of
the sub-optimal estimator becomes clear in Figure 2.1: the eigenvalues of the SCM are more
dispersed than the eigenvalues of the true covariance matrix [2], [6]. The latter property of the
sub-optimal estimator will return when discussing shrinkage regularization in section 3.2.1.
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Figure 2.1: The eigenvalue spectra for different ratios of p to n. The eigenvalues are sorted in descending
order. The population covariance matrix, Σ ∈ Rp×p, has been sampled from a univariate Gaussian
distribution, N (0, 1), where p has been set to 100. The n samples that serve as data have been simulated
using a multivariate Gaussian distribution: X ∼ N (0,Σ). When the ratio is large, the large eigenvalues
of the estimator are overestimated, whereas the small eigenvalues are underestimated. Moreover, the
determinant of the SCM is equal to 0 if p

n > 1. All eigenvalues of the matrices that correspond to the
different ratios of p to n are strictly positive.

2.2 The Classification of Brain Signals

In an EEG recording, the brain activity of the participant is measured using an array of p
electrodes (also referred to as EEG channels) that are placed on different locations on the scalp
[11, p. 223]. Consequently, at each time point t in the total number of time points n, there are
p data points collected; one for each channel. The p data points per time point t can be stored
in the feature vector of that time point: xt ∈ Rp×1. If the standing feature vectors for all t ∈ n
are concatenated, they serve as the columns of the matrix X ∈ Rp×n, that represents all data
that is recorded by the p channels, at the n time points:

X ∈ Rchannels×time points (2.3)

2.2.1 Event-Related Potentials

In my thesis, I have used among others the SPOT dataset that is discussed in section 4.2.1. The
dataset has been collected during an auditory oddball paradigm. In this paradigm, event-related
potentials (ERPs) are elicited and measured. As their name suggests, event-related potentials
are brief changes in the brain signal that are a response to a sensory event or stimulus [11,
p. 224]. A stimulus can be auditory or visual, and either the stimulus itself, a variant of the
stimulus (the oddball) or even the absence of the stimulus can evoke an ERP [17, p. 14]. The
responses are typically time locked to the event and their nomenclature is based on their sign
and latency. For example, a positive peak around 300 ms after the presentation of the stimulus
is called the P300, a negative with a latency of 100 ms can be denoted by N100 [11, p. 224]. Yet,
this naming scheme is not strict, so that positive peaks with a latency between 300 and 1200 ms
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still can be considered a P300 response [17, p. 31]. ERPs are time series data. Thus, a single
trial in a paradigm, where for example multiple successive tones are presented to a participant,
can be considered as a concatenation of the elicited ERPs. Each single ERP is called an epoch
and is described by multiple feature vectors xt. Hence, the specification of the data that has
been introduced in equation (2.3), can be updated as described in equation (2.4) to emphasize
the different epochs in the trial.

X ∈ Rchannels×(epochs · time points per epoch) (2.4)

An example of an ERP is shown in Figure 2.2. The figure shows an averaged ERP response
over 260 target responses and 1300 non-target responses. The aggregation is needed as the
evoked ERPs mixed with other electrical signals that originate from the brain [11, p. 224]. By
averaging the epochs, the wave forms that are not of interest, tend to cancel out, and the ERP
response remains. The channels of interest, Cz and Fz, are located on the mid-line of the scalp,
where the first is centered, and the latter is located on the frontal lobe. In the figure, one can
see a clear distinction between the target (orange) and the non-target (blue) responses. In the
field of brain-computer interfaces, the actual automated classification of the ERP responses is a
sequential process that is often referred to as a pipeline, which is the topic of the next section.

Figure 2.2: The electroencephalogram of an ERP response of a single subject that has been averaged
over 260 target responses and 1300 non-target responses. The stimulus onset asynchrony (SOA), which
is the time between two consecutive stimuli, is 226 ms [18]. This data is part of the SPOT dataset. In
section 4.3.1, more information regarding this dataset and the pre-processing can be found.

2.2.2 The Classification Pipeline

ERPs can either be present (Figure 2.2, orange), or absent (Figure 2.2, blue). Hence, prior to
using ERPs as an input for a brain-computer interface, a binary classification task needs to be
solved: was an ERP elicited, or not? To solve this task, the raw brain data X (equation (2.3)
and (2.4)) are decoded in a sequential pipeline. The pipeline can roughly be split up into 3
phases: pre-processing, feature extraction & classification [19], [20].

10



Pre-processing

Data pre-processing is the first step in the classification pipeline. An electroencephalogram
contains multiple different wave patterns that live on a distinct frequency band. To distinguish
the waves of interest from the noise, band pass, notch or Laplace filters are used [2]. Furthermore,
baseline correction can be applied to reduce the effect of temporal drifts in the data [21]. The
application of baseline correction is not always beneficial for the classification performance of
the pipeline, as demonstrated in [3]. In addition, the data can be downsampled, to reduce the
memory cost and speed up computations [22].

Feature Extraction

Next, the relevant features of the data can be extracted. The dimension of the feature vectors
xt ∈ Rp×1 is dependent on the number of channels on the EEG cap. The performance of the
classifier that is used later on in the pipeline is negatively affected if there are relatively few
samples compared to the number of features. More specifically, the number of samples that is
needed to adequately classify the data X increases exponentially with the dimensionality of the
feature vectors xt, a phenomenon that is also known as the curse of dimensionality [20], [23,
p. 33].
Now, as the process of recording training data is time consuming and demanding for the subjects,
most training datasets in BCI are small [19]. Hence, rather than increasing the number of
samples, it is more common to decrease the number of features using dimensionality reduction
techniques such as principal component analysis (PCA) and independent component analysis
(ICA) [20].
PCA is a technique that identifies the principal directions in the data that correspond to the
eigenvectors of the covariance matrix that correspond to the highest eigenvalues. The principal
directions can be used as a new basis of the data, that describes a linear subspace [20]. ICA,
on the other hand, is not just an algorithm that can be used to reduce the dimensionality by
extracting the features of interest; it is also used as a method of blind-source separation (BSS),
that allows for the unmixing of data by defining individual sources as linear combinations of the
features [24]. PCA and ICA can also be considered as a pre-processing step because of their
dimensionality reducing properties [19].

Another form of feature extraction is spatial filtering. Spatial filters are, just like ICA, a linear
combination of the EEG channels. Yet, spatial filters produce a new set of ”virtual channels”
that aim to highlight a particular part of the brain [25]. In the methods (chapter 4), I use spatial
filters that are proposed by Alexandre Barachant in [25]. These spatial filters are an adaption of
the xDawn algorithm, that aims to reduce the signal-to-noise ratio (SNR) of the P300 responses
by estimating spatial filters in an unsupervised way [26].

To continue with the mathematical definition of our data, I will introduce (spatial) filtering. Let
f be the number of selected spatial filters, then the matrix containing the spatial filters can be
denoted with W ∈ Rchannels×f . The filtered data is then defined as:

Xfilter = WTX (2.5)

Where Xfilter ∈ Rf×time points. More information regarding the estimation of the spatial filters
using Barachant’s adapted methods can be found in 3.1.2.

Classification

In the final step of the pipeline, a classification algorithm is used to classify the possibly pre-
processed and filtered data. All the pipelines that will be introduced in the methods, use linear
discriminant analysis (LDA). The binary LDA algorithm aims to assign class labels to data
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points given their position with respect to a hyperplane, which dimension is one lower than the
dimension of the data. The hyperplane can be described by all the points x where the outcome
of equation (2.6) is 0 [17, p. 18].

wTx + b = y (2.6)

In this equation, wT denotes the weights and b is the bias. Note that w and x can be multidi-
mensional.

To illustrate the algorithm, let c1 and c2 ∈ C be the two possible classes that a data point
x could belong to. The hyperplane that is defined in equation (2.6) ought to be the decision
boundary that separates the c1 and c2 the best. The best, can be defined with the Fisher criterion
(2.9), that can be determined using with the between- (2.7) and within-class covariance matrices
(2.8), and the weights w [16, p. 189].

The between-class covariance matrix is defined by:

Sb = (mc1 −mc2)(mc1 −mc2)T (2.7)

Where the class means mci are equal to 1
Nci

∑
t∈ci xt and Nci denotes the number of elements

in class ci [16, p. 187].
Whereas the within-class covariance matrix can be calculated using the following method:

Sw =
∑
ci∈C

∑
xt∈c

(xt −mci)(xt −mci)
T (2.8)

Using the equations (2.7) and (2.8), the Fisher criterion is defined as in [16, p. 189]:

J(w) =
wTSbw

wTSww
(2.9)

To find the weights w that correspond to the optimal decision boundary, one can maximize J(w),
which implies that the projection of the between-class covariance matrix on w is maximized,
whereas the projection of the within-class covariance matrix is minimized. According to Bishop,
the optimal value of weights w is proportional to the inverse of the within-class covariance matrix,
multiplied by the difference of the two class means, which is formally denoted as equation (2.10)
[16, p. 189].

w ∝ S−1w (mc2 −mc1) (2.10)

Now that the value of the weights w is known, one can project the feature vector x on a single
dimension, by applying equation (2.6) to the input vector2. To map the continuous output of
equation (2.6) to a binary class label, the threshold constant or bias term b is used. For example,
if y < 0 the vector x is assigned to one class and in case y > 0, x is assigned to the other class
[16, p. 187]. There is no analytical solution for determining b [17, p. 21].

There is a small drawback when working with LDA: In order to perform optimally, there are
three assumptions identified that need to be fulfilled [2].

1. The features of each class are normally distributed. According to Blankertz et al.
[2], this assumption is met when ERP data are concerned.

2. The two classes have got the same underlying covariance matrix. This assump-
tion is based on the fact that LDA separates the classes using a hyperplane. The assump-
tion assures that the data is linearly separable (if assumption 1 holds as well).

2It is worth to mention that ERPs are time series data and should be classified in both the temporal and
spatial domain. A single feature vector does not capture the temporal features of the response [2].
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3. The true class distributions are known. This assumption can never hold as the
population parameters merely can be estimated from the sample. Moreover, as discussed
in 2.1.2, the SCM is terrible estimator of the population covariance matrix. Typically
shrinkage regularization is applied to improve the estimate of the covariance matrix.

2.3 The Euclidean Space and Manifolds

It is not trivial to give a definition of our physical space, despite we are living in it. Thus, when
discussing this topic, I need to fall back to the work by Euclid, dating from approximately 300
BC [27]. In his treatise, The Elements, Euclid introduces the axiomatic system that is nowadays
known as the Euclidean geometry to us [27]. In mathematics, an axiomatic system can be
endowed on a set, which makes it a space. The Euclidean space is fundamental in the field
of geometry, and it is represented by the Cartesian coordinate system Rd [28]. The Euclidean
space is also a metric space, as it is a set endued with a metric: the Euclidean distance. The
Euclidean distance function is defined between points in the Euclidean space. To illustrate, the
Euclidean distance between the two a : (a1, a2) and b : (b1, b2) in a two dimensional Cartesian
coordinate system (R2), is defined as the length of the straight line between the two points:

δE(a, b) =
√

(a1 − b1)2 + (a2 − b2)2 (2.11)

The definition in (2.11) is the result of the application of the Pythagorean theorem, and therefore
this metric is also referred to as the Pythagorean distance.

In contrast to the Euclidean space, which is represented by a coordinate system with straight
axes, and where distances are defined as a straight line, manifolds are curved. A manifold is a
set of points that is infinitesimally Euclidean [29]. In other words, if one zooms in a lot on a
manifold, then one will eventually end up with a Euclidean space. The example that is often
used to illustrate the concepts of manifolds, is the earth. To continue with this illustration,
consider the misconception that people in the Medieval times believed that the earth was flat
[30]. If we would follow our own judgements of the earth, it does not sound like an unreasonable
idea: our planet seems flat (and thus Euclidean), but that is because we observe it from our
local (zoomed in) perspective which does not allow us to discover the curvature of the earth.
Globally, the earth is a manifold that is more or less shaped as a sphere, as shown in Figure
2.3a.

2.3.1 Tangent Spaces

In the two dimensional Cartesian coordinate system, it is possible to calculate the tangent line
to a point x on a curve y. This tangent can be found by taking the derivative of y in that point
x. This notion can be generalized to the geometric tangent vector in Euclidean space Rn for any
dimension n [31, p. 51]. If a manifold M is differentiable3, then the derivatives of the curves
going through point x on the manifold can be calculated (Figure 2.3b). The derivatives can be
represented as vectors in Rd [29]. The combination of the all tangent vectors that go through x
define the tangent space Rk toM at point x, that is commonly denoted with TxM (Figure 2.3c)
[29], [31, p. 57], [32]. The tangent space is Euclidean, making it possible to deploy classifiers
that are used for feature classification in the standard pipeline, such as LDA [4], [32].

3For more information regarding the differentiability of manifolds (as not every manifold is differentiable) I
would like to refer the reader to [29] and [9, p. 4].
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(a) A manifold M in R3 (b) A tangent vector at x ∈M (c) TxM

Figure 2.3: An impression of a spherical manifold embedded in R3. In (a), merely the manifold is shown.
Next, in (b), a point x ∈M is plotted, together with a tangent vector of an arbitrary length. In the last
pane, (c), the tangent space TxM is plotted, that is defined as the combination of all tangent vectors at
point x.
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Chapter 3

Related Work
Purpose of the Chapter

This chapter will continue with the foundation that has been laid in the previous chapter, by
discussing the work that has been done in the fields that are related to the subject of this
thesis. In Section 3.1, the manifolds that are discussed in 2.3 will become more meaningful for
the classification pipeline due to the addition of the Riemannian metric. We will see that the
Riemannian pipeline has become increasingly popular in the field of BCI due to, among others,
the beneficial invariance under congruence property of the Riemannian distance.
However, the pipeline requires estimates of the covariance matrix based on a single epoch.
This can be a drawback, as we have seen in the previous chapter that the SCM is not a great
estimator if the number of samples is small compared to the number of features. Fortunately,
there exist methods that aim to improve the estimator, such as shrinkage regularization and
time-decoupled LDA. These methods are discussed in Section 3.2. In particular, I highlight
the paper by Sosulski, Kemmer & Tangermann on time-decoupled LDA in this section, as the
pipelines that I will introduce in the methods are mainly adaptations of their work [3].

3.1 Riemannian Geometry in Brain-Computer Interfaces

The use of Riemannian geometry within BCI has become increasingly popular as among others
the theoretical background has become more and more available [12] and it is more robust
compared to the standard approaches based on feature vector classification [8], [33]. In addition,
the performances of the pipelines that make use of Riemannian geometry are not inferior to the
standard approaches: they have been used as basis for the winning methods BCI competitions
such as the DecMEG2014 and BCI challenge 2015 [33]–[35].

3.1.1 Riemannian Manifolds

Even though the manifolds from Section 2.3 might allow for the construction of tangent spaces,
they do not have a notion of distance. Certainly, this concept can be introduced to a smooth
manifold4, and for manifolds, the fitting structure to do this is the Riemannian metric [29], [36,
p. 327]. The Riemannian metric is a chosen inner product on the tangent spaces TxM for each
point x on the manifold M [8], [29], [32], [36, p. 328]. In equation (3.1) the inner product is
defined for the two points S1 and S2 that live on the tangent space at point x [8], [32], [37].

〈S1,S2〉x = tr(S1x
−1S2x

−1) (3.1)

Using the inner product from (3.1) the distance between two points S3 and S4 that are located
on M can be determined. This distance is the Riemannian distance, and it is defined as the
length of the geodesic: the shortest curve that passes through the S3 and S4. The definition

4The manifoldM is considered smooth ifM is locally Euclidean, andM allows for the application of calculus
[9, p. 1]. More information regarding the premises can be found in 2.3.
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of the Riemannian distance is shown in equation (3.2) [8], [32], [37]. In particular, in [37], the
derivation from equation (3.1) to (3.2) is provided.

δG(S2,S1) = ‖log(S
− 1

2
1 S2S

− 1
2

1 )‖F =

√√√√ n∑
p=1

log2(λp) (3.2)

In (3.2), the F stands for the Frobenius norm (elaborated in equation (3.12)), and λp are the n

eigenvalues of the matrix S
− 1

2
1 S2S

− 1
2

1 [8].

The Invariance Under Congruence of the Riemannian Distance

The Riemannian distance has got a beneficial property for the area of brain-computer interfaces.
As described by Barachant et al. [8], the Riemannian distance δG is invariant under congruence.
This property makes the Riemannian pipeline appealing as it allows for generalization across
subjects and sessions.

In their paper, Barachant et al. [8] define the matrix ABAT as the congruence of matrix B,
where A is an invertible matrix. If EEG signal is considered as a linear combination of the
sources that originate from the brain [38], then, the recorded feature vector can be written
as xt = Aut, where A can be considered the mixing matrix, and ut are the underlying brain
sources. Likewise, the SCM that can be computed from the recorded data X, can be written as
a combination of the covariance matrix of the unknown source (U), and the mixing matrices:

S = AUAT (3.3)

In other words: S and U are congruent matrices. Let us now consider two subjects, i ∈ 1, 2.
Both subjects attend two different recording sessions j ∈ 1, 2. Hence, there are 4 different mixing
matrices Ai,j , for the mixing matrix is highly specific for a subject and a session. For each of
the sessions, a covariance matrix Si,j = Ai,jUiA

T
i,j is calculated from the recorded data from

each subject.
Because of the invariance under congruence, the Riemannian distance between the two pairs
of covariance matrices for each subject is the same, as long as the covariance matrix of the
underlying source for each subject is the same [8]:

δG(S1,1,S1,2) = δG(S2,1,S2,2) (3.4)

If the underlying source covariance matrix is not the same, which is the case in a between
subject generalization, then the performance will still be better in this generalization than the
performance with the Euclidean metrics, as the highly specific mixing matrix has cancelled out
[8].

3.1.2 The Classification of P300 Responses using Riemannian Geometry

Epoch Based Covariance Matrices

To exploit the advantageous properties of the Riemannian framework that are described above,
the classification pipeline, as described in 2.2.2, needs to be based on Riemannian geometry.
Consider the definition of the collected data of a session, X, that is introduced equation (2.4).
Here, the data is explicitly split up into epochs, where each epoch covers window in time. This
definition can be reshaped to X ∈ Re×p×n, where e is the number of epochs, p the number of
(virtual) channels, and n the number of time points per epoch.

Effectively, X can be seen as the combination of e recordings of a single epoch i ∈ e:

Xi ∈ Rp×n (3.5)
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In contrast to Xi, that lies in the Euclidean space, the spatial covariance matrix Si lives on
the differentiable manifold of SPD matrices that is shaped like a convex cone [32]. Hence, in
order to construct a Riemannian pipeline, the spatial covariance matrices are estimated for each
time window of a single epoch Xi [4]. Thus, the single trial data that is used in a Riemannian
pipeline is the concatenation of the e covariance matrices Si, calculated according to equation
(3.6) (in this equation, the matrix Xi is assumed to be mean-free) [12].

Si =
1

n− 1
XiX

T
i (3.6)

As such, a problem arises when classifying the data given the covariance matrices Si: P300 re-
sponses (ERPs) are a time series signal. However, when merely the spatial covariance matrices
of these signals are used for classification, the temporal structure is completely ignored!

To counter this issue, Barachant et al. [12] proposed to calculate the epoch based covariance
matrices Si from so called super trials, X̃i. To capture both the spatial and temporal informa-
tion, the super trials are constructed by concatenating the epoch Xi over the first axis with a
prototyped response, P1. P1 is defined as the Euclidean mean of all the epochs belonging to the
target class [12]:

P1 =
1

|e|
∑
i∈e

Xi (3.7)

Next, X̃i is constructed as follows:

X̃i =

[
P1

Xi

]
(3.8)

Note that the dimension of X̃i is dependent on the number of classes for which the super trials
are constructed. The single class case is shown in 3.8, yielding a resulting dimension of R(2·p)×n

[12]. If prototype responses were constructed for both classes, the resulting dimension would be
R(3·p)×n, unless spatial filters are used [25].

Classification

Once the epoch based covariance matrices have been constructed from the super trials, the
matrices, that can now be considered data points, can be classified. This can be done using
both Riemannian geometry based classifiers and standard classification approaches that are
created for classifying in the Eucledian space. Whereas the first mentioned can be applied on
the manifold, the latter cannot, as they are defined using Euclidean distances [4]. Still, the
standard classifiers can be used in the Riemannian pipeline, for they can be applied to the
representations of the matrices that have been mapped to (Euclidean) tangent space.

As introduced in Section 2.3.1, the tangent space TxM to a manifold M, is anchored at point
x. In order to classify the data points, all points need to be projected to the same tangent
space, that is, the tangent space that is tangent to the same x. The choice of this anchor is
up to the researcher, and can for example be the (Riemannian) mean covariance matrix, an
arbitrary data point Si, or the identity matrix [32], [3]. Once the anchor has been chosen,
the logarithmic map (3.9), as defined by Barachant et al. [8], can be used to project the data
points Si to their representation on the tangent space. This mapping makes use of the matrix
logarithm (logm(A)) and the matrix square root (A

1
2 ), that are not to be confused with the

”normal” logarithm and square root, that can be applied to scalars. Both matrix flavours of the
operations can be applied element-wise to the entries λi,i of the diagonal5 matrix Λ, where Λ is

5A diagonal matrix is a sparse matrix where only the entries on the main diagonal are non-zero, examples of
diagonal matrices are the identity matrix and the resulting matrix containing the eigenvalues after an eigenvalue
decomposition [15, p. 60].
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part of the decomposition of the diagonizable matrix A = VΛV−1 [4], [32]. After the operation

on λi,i, yielding Λ′, logm(A) or A
1
2 is obtained by constructing the new value for A from the

new diagnoal matrix Λ′: A′ = VΛ′V−1 [32].
The mapping to TCM, as defined below, maps the data points Si ∈ Rp×p to feature vectors

si ∈ R(p· (p+1)
2

)×1 on the tangent space to M at C [4], [10], [32].

si = C
1
2 logm

(
C−

1
2 SiC

− 1
2

)
C

1
2 (3.9)

Just like the logarithmic map is a mapping from the manifold to the tangent space, there also
exists an exponential map, that maps the data from the tangent space to the manifold. This
mapping is similar to the logarithmic map, only the matrix logarithm is exchanged for the
matrix exponentiation [32]. In the methods I will only use the logarithmic mapping as defined
in equation (3.9).

3.2 Improved Covariance Estimation Techniques

3.2.1 Shrinkage Regularization

In the preliminaries, the (disappointing) quality of the SCM has been discussed. Now, when
calculating the SCM for only for a single time window, that has fewer samples than the full
data set, the results may be even worse! Fortunately, a better estimator of the population
covariance matrix is proposed by Ledoit & Wolf in 2004 [6]. Their estimator, S∗, that is shown
in equation (3.10), is the weighted average of the SCM (S) and a so-called structured estimator
(vI). The weights are determined by the shrinkage parameter ρ ∈ [0, 1]. To make the structured
estimator well-conditioned, Ledoit & Wolf constrained the covariance matrix in such way that
all the variances are equal, and all the covariances are 0. From the definition of the SCM (2.2)
it follows that an element of the matrix represents the variance if and only if it is located on the
main diagonal. Thus, the structured estimator, as introduced by Ledoit & Wolf, is a diagonal
matrix and can be represented by the identity matrix, I, multiplied by a single value, v.

S∗ = ρvI + (1− ρ)S (3.10)

S∗ is introduced to find an estimator that minimizes the mean squared error (MSE) given the
estimator and the true covariance matrix. The MSE of estimator is defined in [6] as the expected
value of the squared loss, shown in equation (3.11).

MSE(S∗) = E
[
‖S∗ −Σ‖2F

]
(3.11)

Ledoit & Wolf calculate in the sense of the Frobenius norm6, a matrix norm that maps a matrix
A to a measure of the size of its elements ai,j [15, p. 61]:

‖A‖F =

√√√√ m∑
i=0

n∑
j=0

a2i,j =

√
tr
(
AAT

)
(3.12)

For a square matrix, such as covariance matrices, it holds that m = n.

6In [6], the Frobenius norm is divided by
√
p, this is done so that the norm of the identity matrix is 1.

18



In (3.12), the bar denotes the complex conjugate7 Given the definition of the Frobenius norm,
I now have the tools to decompose the MSE in (3.11) into the variance and the squared bias:

E
[
‖S∗ −Σ‖2F

]
= E

[
‖S∗‖2F

]
− 2E [〈Σ,S∗〉F ] + ‖Σ‖2F

= E
[
‖S∗‖2F

]
− E [‖S∗‖F ]2 + E [‖S∗‖F ]2︸ ︷︷ ︸

0

−2E [〈Σ,S∗〉F ] + ‖Σ‖2F

= E
[
‖S∗‖2F

]
− E [‖S∗‖F ]2 + (E [‖S∗‖F ]− ‖Σ‖F )2

= Var(‖S∗‖F ) + Bias2(‖S∗‖F , ‖Σ‖F )

(3.13)

In (3.13), 〈A,B〉F is the Frobenius inner product between the matrices A & B, yielding

tr(ABT ). Note that in the first step of the decomposition, the two inner products 〈Σ,S∗〉F
and 〈S∗,Σ〉F are combined. Even though the matrix product is not commutative, it holds that
tr(AB) = tr(BA) [15, p. 6].

Given this decomposition, Ledoit & Wolf present the weighted average in equation (3.10) as the
best trade-off between the bias (vI) and the variance (S), because it is determined by minimizing

the MSE [6]. By minimizing equation (3.11), the value for v was found to be equal to tr(Σ)
p : the

inner product of the Frobenius norm6. Naturally, Σ is not known. But, according to Ledoit &
Wolf, v can be consistently estimated using S [6].

The shrinkage parameter ρ determines the best weighted average in S∗ of to the error in the
(squared) bias and the error in the variance (equation (3.13)). In their paper, Ledoit & Wolf
derived the optimal value for the shrinkage parameter, that is based on the sample covariance
matrix, the data, X ∈ Rp×n and the structured estimator vI [6]:

ρ =
1
n2

∑n
k=1 ‖xkxTk − S‖2F
‖S− vI‖2F

(3.14)

Here, the vector xk ∈ Rp×1 indicates the kth column of the data matrix X.
Hypothetically, one would like to base the value of the shrinkage parameter ρ on the deviation
of the sample covariance matrix S from the population covariance matrix Σ. If the difference is
large, one would prefer to shrink more, whereas the value of the shrinkage parameter ought to
be low if S and Σ are much alike. Yet, again we need to work with what we have: merely the
data and the sample covariance matrix are to our disposal. Therefore, Ledoit & Wolf propose to
estimate the difference between S and Σ with the individual matrices xkx

T
k that are assumed to

be independent and identically distributed (iid) [6]. The basis of this proposal follows from (2.2):
the S is the average of the individual matrices, thus, the difference S and Σ is approximated
with how much each individual matrix differs from the average (xkx

T
k − S). The denominator

does not function fully as a normalization term. To ensure that ρ ∈ [0, 1], the result of the
fraction is truncated to that interval. [6]
The denominator of equation 3.14 ensures that the value of the shrinkage parameter decreases
when the difference between the SCM S and the structured estimator vI is large. In other words:
if the shrinkage target, vI, is not accurate, S∗ will be mainly based on S, as ρ is small [39].

In Figure 3.1, the intensity of the shrinkage parameter is shown for the estimated covariance
matrices given different numbers of samples. The number of samples are, similarly to Figure 2.1
drawn from a multivariate normal distribution that is parameterized with the same population
covariance matrix Σ as in Figure 3.1. To conclude this section with what I started with: the
sample covariance matrix is an sub-optimal estimator if the number of samples is small. The

7The complex conjugate of z = a + bi, often denoted by z or z∗, is z = a − bi. In the case of real numbers,
where the imaginary part is absent, z = z. The complex conjugate of a matrix A, is the matrix A where all
elements ai,j are conjugated.
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value of the shrinkage parameter is relatively high in these cases (top window), so that the
structured estimator vI has a larger impact on S∗ than the sample covariance matrix S. When
the number of samples increases, the SCM becomes a better and better estimator. This is shown
in the lower window, where the MSE is depicted. As a consequence, weights in the improved
estimator S∗ shift more towards S as the shrinkage intensity decreases. The larger the number
of samples becomes, the more similar S∗ will become to S.

Figure 3.1: In the top window, the mean intensity of the shrinkage parameter according to equation
(3.14) is shown for different number of samples (X ∼ N (0,Σ)). The number of features of the data has
been set to 31. The population covariance matrix, Σ, has been sampled from a univariate Gaussian
distribution with a mean of 0 and a standard deviation of 1, N (0, 1). The shrinkage intensity is averaged
over 100 iterations and it is plotted including the standard error of the mean (SEM). In the bottom
window, the MSE is shown for the SCM and the Ledoit & Wolf estimator, using the shrinkage parameter
that is plotted above. Similar to the top window, the mean values are averaged over 100 iterations, and
the SEM is shown using the error bars.

3.2.2 Time-decoupled LDA

Another way to cope with small training datasets, that typically not lead to a well-conditioned
SCM [6], is introduced by Sosulski, Kemmer & Tangermann [3]. Their method, that is labelled
time-decoupled LDA, aims to improve the covariance matrix by refining the within-channel co-
variance matrices at a specific time interval [3]. In contrast to the covariance matrix that is
introduced in Section 3.1.2 that is based on a single epoch, the covariance matrix that is con-
sidered in this paper is the SCM of all epochs combined.

In mathematical sense, recall the structure of the data, Xi ∈ Rp×n, that could be seen as e
recordings of a single epoch i. If one considers all the epochs, then one can flatten the channel-
timepoint structure, yielding a covariance matrix of the shape p ·n×e. As a result, the structure
of the resulting covariance matrix is equal to p ·n× p ·n. Hence, this covariance matrix contains
a temporal structure, for it describes the (co)variance between the p channels at each time point
n [3].

At this point, Sosulski et al. [3] make the assumptions that the noise structure, that is incor-
porated in the data is normally distributed and unrelated to the paradigm. These assumptions
are vital to their method, as it allows for the time-decoupling: If the premises are met, then one
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can argue that the between channel covariance matrices (of size p× p for each of the timepoints
∈ n is equal. Thus, rather than calculating these matrices one by one, one can estimate a single
within channel covariance matrix, that is based on the data of the within channel matrices for
all timepoints. Next, all the within channel covariance matrices, that are located on the main
diagonal of the larger covariance matrix, can be replaced by the covariance matrix that has been
estimated from all the pooled data [3].

Initially, I wanted to include time-decoupled LDA in my research as a improved covariance esti-
mation technique. There are two moments in the pipeline that I considered for the application
of the method: the construction of the epoch-based covariance matrices, and the application of
LDA in the tangent space. However, the application of time-decoupled LDA turned out to be
unfeasible for both options.

(1) The temporal structure of the covariance matrix that is estimated over all epochs, that
materializes because of the different number of epochs e that are considered, is absent in
the epoch-based covariance matrix. Hence, I could not identify submatrices on the main
diagonal of the epoch-based covariance matrix for which the two assumptions, that are
made by the authors of [3], hold.

(2) In the tangent space the temporal structure induced by the timepoints is lacking. Recall
from Section 3.1.2 that the epoch-based covariance matrices are represented by their fea-
ture vectors in the tangent space (equation (3.9)). When LDA is applied, the between
and within class covariance matrices are computed from these feature vectors. If the fea-
ture vector is in Rf , then it follows from equations (2.7) and (2.8) it follows that between
and within class covariance matrices are in Rf×f . Again, the temporal structure from
the covariance matrix that is estimated from all epochs is missing here. It did not seem
sensible to select arbitrary submatrices on the main diagonal of the matrices, as the two
assumptions mentioned above are not likely to hold in that case.

Even though the application of time-decoupled LDA does not seem appropriate in the Rieman-
nian pipeline, the paper by Sosulski et al. [3] is valuable for this work. In their evaluations, they
compare their method against a Riemannian classification framework. The three pipelines that
I will introduce in the next chapter are based on the pipeline that has been introduced in this
paper. In addition, the paper relates to this work in terms of the evaluation of the pipelines.
In both approaches, the same benchmarking algorithm is used. Moreover, the methods in this
thesis are evaluated on a subset of the datasets that is used in [3].
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Chapter 4

Methods
Purpose of the Chapter

In this chapter, I will reflect on the research methodology that I used to arrive to the conclusions
presented in chapter 7. I devote the first section to the mother of all BCI benchmarks (MOABB).
This is an open source project that aims among others to enhance the reproducibility within
the field of BCI [40]. Moreover, the project contains handles to datasets that have been made
publicly available. I have used all datasets from the MOABB that were recorded during a P300
paradigm, in addition to the SPOT dataset. The datasets are described in Section 4.2.
In the last section, 4.3, I introduce the three pipelines that I constructed to find an answer to my
research question. This section relies heavily on the previous two chapters, where I acquainted
the reader with the concepts that are used in the classification procedures.

4.1 Mother of all BCI Benchmarks

The mother of all BCI benchmarks is an open source project that is founded by Alexandre
Barachant [40]. As the name suggests, the MOABB has been initiated to provide benchmark
algorithms for EEG datasets. This ought to make the field of BCI more transparent and it
should enhance the reproducibility of BCI experiments [40].

The framework of the MOABB is based on 4 concepts: the datasets, on which I will elaborate in
Section 4.2; the pipelines, discussed in Section 4.3; the paradigm and the evaluation, that both
are the subjects of Section 4.4.

4.2 Data

The datasets that I have used, have been recorded under different paradigms where the common
divisor of the paradigms is the elicitation of a P300 response. Hence, all sets reflect EEG
recordings of event-related potentials. A summary of datasets including their paradigms, number
of subjects and hardware specifications is listed in Table 4.1. In the remainder of this section I
provide a brief overview of the datasets, subjects and corresponding paradigms.

4.2.1 SPOT

The SPOT dataset has been recorded during an auditory oddball paradigm. In this paradigm,
90 tones have been presented to the participant. Of those 90 tones, the 75 non-target tones were
low pitched (500 Hz), whereas the 15 target tones were high pitched (1000 Hz). Both types of
tones lasted for 40 ms. Together, the 90 tones form a single trial.
In total, the data of 13 subjects have been recorded, where each subject performed 50-70 trials.
Within these trials, the stimulus onset asynchrony differed, but each epoch was windowed to
1 second. The data has been recorded with a total of 37 EEG channels, of which 31 channels
were located on the scalp. The sampling rate was equal to 1000 Hz [18]. While working with
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Dataset Subjects Paradigm Channels Epochs per session (µ) Window (s) Reference

SPOT 13 Auditory oddball 31 90 [0, 1] [18]

Braininvaders 24 Visual, flashes 16 480 [0, 1] [41]

EPFL 9 Visual, 6 flashing images 32 833 [0, 1] [42]

BNCI 1 10 P300 speller 16 96 [0, 0.8] [43]

BNCI 2 10 P300 speller 8 2520 [0, 0.8] [44]

BNCI ALS 8 P300 speller 8 4200 [0, 1] [45]

Table 4.1: An overview of the 6 datasets that have been evaluated. All datasets, with the SPOT dataset
as exception, have been listed under the MOABB datasets. The channels that are listed indicate the
scalp channels. Moreover, the original recording sampling rate has not been added to this table, as the
data has been downsampled to 100 Hz during the analyses. The number of epochs per session can differ
per participant. Hence, the number presented in the table is an average. Lastly, the window indicates
the time window that is used to epoch the data. The elements of the window represent the starting and
finishing time of the window with respect to the stimulus.

the SPOT dataset, I enabled the virtualization of the datasets. As a result, I classified the
data per trial containing 90 epochs, rather than classifying all epochs that have the same SOA.
This approach yields more samples, which can give more statistical power when a paired test is
considered.

4.2.2 Braininvaders

The Braininvaders paradigm is visual. 12 flashes were presented to the 24 participants of the
experiment during a single trial. Of these flashes, 2 flashes were considered targets, and 10 flashes
were non-target stimuli. The first 7 subjects participated in 8 sessions, while the remaining
subjects participated in a single session only. The data has been recorded with 16 electrodes,
using a sampling rate of 512 Hz [41].

4.2.3 EPFL

While recording this dataset, 6 different images were presented in random order to the partici-
pants. The time between the stimuli is equal to 400 ms. 9 subjects participated in this study,
of which the first 5 subjects were bound to a wheelchair, suffering from various communication
and limb movement control disabilities. The data has been recorded with 32 electrodes, using a
sampling rate of 2048 Hz [42].

4.2.4 BNCI 1

The BNCI 1 dataset has been recorded under the P300 speller paradigm. In a nutshell, this
paradigm requires the subjects to spell words by gazing at characters that are presented on a
computer screen. The data has been recorded by healthy 10 participants, using 16 electrodes
with a sampling rate of 256 Hz [43].

4.2.5 BNCI 2

For this dataset, again the P300 speller paradigm was used to record the P300 responses of 10
participants. In contrast to the BNCI 1 datasets, only 8 electrodes were used. The sampling
frequency was 256 Hz [44].

4.2.6 BNCI ALS

The setup of the paradigm of the BNCI als dataset is equal to the setups of BNCI 1 and BNCI 2.
However, the data have been recorded with 8 subjects that are diagnosed with amyotrophic
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lateral sclerosis (ALS). The brain activity has been recorded using 8 channels, with a sampling
rate of 256 Hz [45].

4.3 Classification Pipelines

Regarding the classification pipelines, I am not so much interested in achieving the best per-
formance. Rather, the aim is to improve the relative performance of the proposed methods
compared to a baseline method. The baseline pipeline forms the raw basis of the two proposed
improvements and is referred to as tangent space LDA. In this section, I first lay out the com-
mon basis of the three pipelines. This basis includes the data preprocessing, feature extraction
and augmentation steps. While assessing the relative performance, it is vital to keep the basis
consistent between the pipelines. In contrast, I did not focus on finding the optimal set of hy-
perparameters because of the same reason. Hence, I use the hyperparameters that Sosulski et
al. [3] have identified as the optimal ones. The code can be found in my repository.

4.3.1 Preprocessing

The preprocessing steps are handled by the paradigm class of the MOABB. Here, the MNE-Python
library, that is an open source Python package for working with EEG data, is used to convert
the recordings to the raw data objects. [22].

First, the data has been filtered using a forward and backward infinite impulse response (IIR)
filter, in the range from 0.5 to 16 Hz. Next, the data was downsampled to 100 Hz and split in
single epochs. The length of the epochs is described by the window length, that is shown in
Table 4.1. The window length differs per dataset. Thus, I will take the SPOT dataset as an
example for the sake of the explanation of the preprocessing steps. In this dataset the epoch
starts directly when the stimulus is presented, and ends one second thereafter. In combination
with the sampling rate, this yields epochs of 100 samples. Thus, a single trial can be seen as
a matrix containing 90 epochs (one for each tone), where each epoch has got 31 features (the
EEG channels) and lasts for 100 time points:

X ∈ R90×31×100 (4.1)

There was no baseline correction applied to the data, following the example of [3].

4.3.2 Spatial Filtering & Covariance estimation

The next step in the pipeline is Spatial filtering. Recall from Section 3.1.2, that the data should
be enhanced with the prototype response of a single class, or both classes, to preserve the
temporal structure. In this case, only the prototype of the target class is used, as proposed
by Sosulski et al.. In their work, they state that the classification performance improves when
only prototypes are created from the target class, rather than from both classes or merely the
non-target class [3].

Both the data, X, and the prototype are spatially filtered prior to the concatenation over the
first axis to create the super trials. The aim of the spatial filters, W, is to increase the signal to
noise ratio of a single class. The algorithm to find filters has been proposed by Barachant, and
is a variant on the xDAWN algorithm. The quest to find the optimal spatial filters boils down
to an eigenvalue composition [25]. In this work, the spatial filters with the 5 best eigenvalues
have been chosen to compose W, yielding the final filter matrix W ∈ R31×5. The super trials
are constructed per epoch. To formalize their construction, I again decompose the data of
one session X into the smaller matrices representing a single epoch Xi ∈ R31×100, for each
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i ∈ {1, ..., 90}: the range of the number of epochs [25].

X̃i =

[
WTP1

WTXi

]
∈ R2·5×100 (4.2)

In the definition above, P1 is the prototyped response of the target class, introduced in Section
3.1.2. The filters W are specific for each class [25].

Once the super trials have been constructed, the epoch based covariance matrix, S̃i, can be
estimated using the definition of the SCM, in equation (3.6). The dimension of the resulting
matrix is 10 × 10. Moreover, the covariance matrix can be split into 3 distinct submatrices by
selecting a subset of the rows and columns in S̃i. To illustrate this, let me first define S̃i itself,
as it is presented in [12]:

S̃i =

[
S1 CT

P1,Xi

CP1,Xi
Si

]
∈ R10×10 (4.3)

In this formalization, the submatrix S1 ∈ R5×5 represents the spatial covariance matrix of P1.
This submatrix is the same for all S̃i, as all signals are augmented with the same prototype
response P1, and filtered with the class specific filters W. Next, the submatrix Si ∈ R5×5 is
the spatial covariance matrix of the response. Thus, if the data were not augmented with the
prototype response, the resulting covariance matrix would be merely Si. Next, Barachant et al.
[12] identified the last submatrix as the cross covariance matrix CP1,Xi

∈ R5×5 [12]. Note that
this matrix, that is the result of the multiplication XiP1T , is not symmetric8. This is in con-
tradiction with the matrices S1 and Si. According to Barachant et al. [12], the cross covariance
matrix is of the highest importance when classifying the responses [12]. In this particular case,
where the prototyped response corresponds to the target class, the cross covariance between the
epoch Xi and the prototype will be high, as both matrices describe the same type of response.
In contrast, the cross covariance is likely to be low when the two matrices describe an opposite
response, which is the case when Xi has been collected during an epoch with a non-target label
[12].
Barachant et al. have developed an open source python library, PyRiemann, that accompanies
their work. This library provides funtions to construct the super trials with spatial filtering,
that I have used in my implementation.

4.3.3 Tangent Space LDA

Having introduced the first steps (1 to 4 in Figure 4.1) of the Riemannian pipeline, I continue
with the implementations of the proposed methods because the three pipelines now diverge.
As discussed in Section 3.1, the epoch based covariance matrices act like single data points in
the pipeline after having calculated the covariance matrices of the super trial, S̃i. Now, recall
that these data points can be classified with either a Riemannian or an Euclidean classifier. As
depicted in Figure 4.1, I decided to deploy an Euclidean classifier on the tangent space. The
Euclidean classifiers are more advanced than their Riemannian counterparts [8]. It was reasoned
that, if the improvement of the epoch based covariance matrices bring about any improvement
in the classification score, then this is possibly easier to detect when a more advanced classifier
is used.

8The multiplication P1XT
i yields the submatrix in the top right: CT

P1,Xi
.
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Figure 4.1: The schematic representation of the standard pipeline. The proposed pipelines are instances
of this general formulation. In the figure, the different locations are marked as well. In this case, feature
space is used to describe the Euclidean space wherein the standard classification pipeline acts. The
reference of the tangent space TCM is the Riemannian mean of all data points. LDA has been used as
classification algorithm.

As a consequence, the epoch based covariance matrices S̃i are mapped to their representation on
the tangent space. The Riemannian mean of all matrices S̃i has been chosen as the anchor of the
tangent space (step 5 in Figure 4.1). The mapping has been performed using the logarithmic
map, described in equation 3.9 in Section 3.1.2. After projection, each of the 90 matrices is
represented as a vector with 10(10+1)

2 = 55 entries, that is ready to be classified.

The algorithm that has been selected for the last step is LDA; as introduced in Section 2.2.2.
In particular, LDA has been chosen as this allowed for the possibility to apply Time-Decoupled
LDA in the tangent space, as described in Section 3.2.2. Unfortunately, the application of the
algorithm was not possible, as described in the same section as linked before. The particular
LDA algorithm that has been used, comes from the scikit-learn library [46]. This specific
algorithm finds the optimal decision boundary by minimizing the sum of squares of the residuals,
which, in other words, aims to get the predictions of the model as close as possible to the target
values [16, p. 189]. As residuals typically belong to a regression problem, the target values are
defined as the prior probability of the class, which is the number of data points belonging to that
class, divided by the total number of data points [16, p. 190]. According to Bishop, the Fisher
criterion, as discussed in 2.2.2, is an instance of the least squares solver when binary class labels
are considered [16, p. 189]. The baseline pipeline includes shrinkage of the within-class covariance
matrix of the LDA. Even though this is already an ”improvement”, this is considered common
practice [2], therefore, I decided to regard this as baseline, and not as proposed improvement.

4.3.4 Response Shrinkage

The response shrinkage pipeline aims to improve the classification score by adding a shrinkage
step to the vanilla pipeline described in the previous section. Recall the covariance matrices
S̃i that have been formalized in equation 4.3. Out of the submatrices S1, CP1,Xi

& Si, the
covariance matrix of the response, Si, has been selected as a subject for the application of
shrinkage regularization. As a result, the pipeline that is shown in Figure 4.1, can be expanded
to the pipeline shown in the figure below.
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Figure 4.2: The schematic representation of the response shrinkage pipeline. This is an extension of the
standard pipeline, where a shrinkage step (5) has been a added.

This method can be described as follows: Ledoit-Wolf shrinkage (section 3.2.1) is merely applied
to the matrices Si ⊂ S̃i from equation (4.3), that are located on the bottom right. As the original
data are used in the calculation of the shrinkage parameter, only the data that correspond to
WTXi have been extracted from the super trial X̃i (equation (4.2)). Prior to the application
of shrinkage, the data is z-scored. The effect of the transformation is shown in the figures 4.4 &
4.5. In the figures, the left panel depicts the original covariance matrix, S̃i, where no shrinkage
is applied. This definition is used in the tangent space LDA pipeline. In the middle the matrix
that is used in the response shrinkage pipeline is shown. On the right, the matrix from the super
trial shrinkage pipeline, that will be discusses in the next section, is described.

The rationale behind this pipeline is based on the fact that the response covariance matrix is
a sub-optimal estimator of the true covariance matrix. This is because the number of samples,
on which this matrix is based, is rather small as the matrix is based on a single epoch only.
The length of the epochs differs from 80 to 100 samples for the datasets that were considered9.
Thus, the ratio of p to n, as used in the analysis in Section 2.1.2, ranges from 5

80 to 5
100 . The

application of Ledoit-Wolf shrinkage on the epoch based covariance matrices could be beneficial
for the classfication performance as the matrices become a better estimator10. When the epoch-
based covariance matrices are a better representation of the response, the classification of the
responses might improve compared to the situation where the epoch-based matrices are worse
representations.
Both the methods for the Ledoit-Wolf shrinkage and the z-scoring come from the scikit-learn

python library [46].

4.3.5 Super Trial Shrinkage

The second proposed improvement is embodied by the super trial shrinkage pipeline. This
pipeline is in fact very similar to the pipeline that has been discussed in the previous section.
The difference between the two pipelines is that out of the submatrices from S̃i, Ledoit-Wolf
shrinkage has not only been applied to Si, but also to S1. The new pipeline is depicted in Figure
4.3.

9The length of the epoch is dependent on the time window of the epoch, and the sampling rate. The time
windows for the datasets are shown in Table 4.1, and the sampling rate that has been used for all sets is 100 Hz.

10Ledoit-Wolf shrinkage is defined to minimize the mean squared error, thus, this statement holds in terms of
the MSE.
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Figure 4.3: The schematic representation of the super trial shrinkage pipeline. This is an extension of
the standard pipeline, where a shrinkage step of the response covariance matrix (5) and a shrinkage step
of the prototype covariance matrix have been added.

Again, shrinkage regularization has been applied to the submatrices only. Note that the regu-
larization and z-scoring has been applied to the matrices separately.

The idea behind this improvement is comparable to the one described in the previous section.
Even though the prototype is based on all data points of a class, these individual data points
remain sub-optimal estimators. Hence, there could be a benefit of shrinking the prototype co-
variance matrix, next to the response covariance matrix.

Below, two examples of the epoch based covariance matrices from the three different pipelines
are shown. Both epochs are taken from the first trial in the first session of the first subject of
the SPOT dataset. In total, 12 target responses have been averaged to from the prototype P1.
The corresponding SOA is 226 ms. The figures are placed here to give an impression. Larger
annotated versions of the figures are listed in Appendix A.

Figure 4.4: Examples of the epoch based covariance matrices that correspond to the 3 pipelines. The
matrices describe a target response. On the left, the matrix from tangent space LDA is shown, where no
shrinkage is applied. Shrinkage has been applied to the lower right submatrix of the matrix in the middle
panel, the matrix from the response shrinkage pipeline. Lastly, on the right, the matrix from the super
trial shrinkage pipeline is shown. It is remarkable the upper left submatrix of the super trial shrinkage
matrix does not differ from the other two matrices. This will be more detailed in the discussion chapter.
The superimposed squares indicate where the matrix has been improved.
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Figure 4.5: Examples of the epoch based covariance matrices that correspond to the 3 pipelines. The
matrices describe a non-target response. Again, it seems that the shrinkage parameter for the upper left
matrix of the super trial shrinkage pipeline was rather low. The superimposed squares indicate where
the matrix has been improved.

Properties of the Shrunken Covariance Matrices

As described in the sections above: in both the response shrinkage and the super trial shrinkage
piplines, shrinkage is not applied to the entire matrix, but to a submatrix. Because of this, the
operation does not guarantee the SPDness of the resulting matrix.
Recall from Section 3.1.2 that only the matrices that are symmetric positive-definite (SPD) live
on the manifold on which the Riemannian metrics are defined. The covariance matrix S̃i is
symmetric. This property is preserved when shrinkage is applied to the submatrices, as the
matrices are located symmetrically around the diagonal of their main matrix. However, to be
positive definite, all leading principal minors of S̃i should have a strictly positive determinant.
The principle minors are the submatrices that are anchored to the upper left of S̃i [47]. This
condition is known as Sylvester’s criterion. Instead of going into the determinant of the principal
minors, one could also say that all pivots of S̃i should be strictly positive.
If shrinkage is only applied to the half of the columns of the epoch-based covariance matrices,
then it can occur that some columns in S̃i or in one of its principal minors can be described as
linear combinations of others. As a consequence, the determinant of the affected (sub)matrix
(or one of the pivots of S̃i) is 0, which implies that Sylvester’s criterion is not met, meaning that
S̃i is not positive definite [15, p. 18].

If a matrix is not SPD, then it is not located on the manifold and it cannot be mapped to the
tangent space [8]. This event does not happen often for most datasets, but if it occurs, the pro-
gram catches the exception by replacing the shrunken non-SPD matrix by the original matrix,
as used in tangent space LDA. To identify the matrices that are not SPD, I try to compute the
Cholesky decomposition, as proposed in [48]. If the matrix is not positive definite, the func-
tion that comes from the numpy library and calculates the composition, raises an LinAlgError

[49]. This method is faster than computing the eigenvalues of the matrix to see whether one
of the eigenvalues is negative [50]. In Table 4.2 the percentage of the covariance matrices is
shown that was not SPD after the application of shrinkage regularization to a submatrix. The
percentage tends to differ between the different datasets. It becomes clear from the table that
the percentages are generally lower for the response shrinkage pipeline. The latter observation
is possibly due to the fact that in the corresponding pipeline shrinkage regularization is only
applied once. This would result in a lower probability of obtaining a non-SPD matrix compared
to the situation where both submatrices are shrunken.
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Percentage of non-SPD covariance matrices of the pipelines

Dataset Response shrinkage Super trial shrinkage

SPOT 0.25% 0.25%

Braininvaders 0.13% 0.13%

EPFL 0.86% 0.86%

BNCI 1 0.25% 0.25%

BNCI 2 0.57% 0.57%

BNCI als 0.06% 0.06%

Table 4.2: The percentage of covariance matrices per pipeline and dataset that was not SPD after the
application of shrinkage regularization on the submatrices. The percentage of non-SPD matrices is higher
for the super trial shrinkage pipeline than for the response shrinkage pipeline. The percentages for both
pipelines are relatively high for the EPFL dataset. As a consequence, a substantial part of the matrices
has been replaced by the non-shrunken variant that is used in tangent space LDA.

4.4 Evaluation

The evaluation happens entirely under the hood of the MOABB: it is handled by the two
remaining pillars of the benchmark, the paradigm and the evaluation classes.
The paradigm loads and preprocesses the data. In addition, it specifies the scoring method.
I used the P300 paradigm as I am working with ERP data. The scoring method that goes
with this paradigm is the area under the receiver operating characteristic (ROC) curve (ROC
AUC) [40]. Each score is validated using 5-fold stratified cross-validation. In contrast to a single
classification score, k -fold cross-validation creates k train and test splits to generate multiple
scores. Eventually, the scores are averaged, so that the final score is more robust. The process
is shown in Figure 4.6. As the class distribution is not balanced, stratified cross-validation is
used to preserve the balance as much as possible in the distinct splits [46].

Figure 4.6: A schematic representation of stratified 5-fold cross-validation. The data is copied to 5 folds,
where each of the folds has different train and test splits. Because stratified k-fold cross-validation is
used, the aim of the algorithm is to keep the class distributions more or less equal.
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The evaluations class contains all the details that are needed for the scoring. I chose the
WithinSessionEvaluation to obtain a score for each session of each subject, which gave me
more handles to inspect and reason about the results compared to the CrossSessionEvaluation,
that only yields a single score per participant. The sessions are defined by the SOAs that cor-
respond to the data: all responses with the same SOA are considered a single session. As
mentioned in Section 4.2.1, the SPOT dataset is an exception to this notion. For this dataset
the sessions have been split up into virtual datasets, that represent a single trial.

4.5 Statistical analysis

To find out whether a difference in performance between the three pipelines is not a result of
chance, I have run statistical tests on the data. In particular, I have used the Wilcoxon signed
rank test from the scipy python library [51], [52]. This test has been chosen as the scores are
paired and the distribution of the scores is non-Gaussian for some datasets because of ceiling
effects, as shown in figure 5.4. I used the two-sided test, as we have seen that the difference can
swing in both ways: the proposed pipelines might perform better, or worse than the baseline.

For each dataset, the scores per subject served as samples for the test. Rather than using a fixed
significance level of α = 0.05, the Holm-Bonferroni correction was applied because a statistical
test has been conducted for each dataset. This way, the probability of a false positive result is
limited to approximately 0.05, regardless of the number statistical tests that has been carried
out.
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Chapter 5

Results
Purpose of the Chapter

I first present the classification scores of the pipelines given the different datasets. Next, I show
the subject-wise results for a selection of the datasets. The subject-wise results for the remainder
of the datasets can be found in appendix B.
I finalize by summarizing the results from the statistical tests that have been applied to the
classification scores.

5.1 Classification Performance

As mentioned in the previous chapter, each (virtual) session of each dataset has been assigned
an average ROC AUC score, that is based on a 5-fold stratified cross validation. To assess the
performance of the three pipelines over the different datasets, the mean is taken over all subjects
and sessions. The comparison is shown in figure 5.1. From the figure it seems that there is only
a slight difference in the accuracy scores of the pipelines when the SPOT dataset is classified.
The performances of the resonse shrinkage and super trial pipelines on the other datasets are
very close to the performances of the tangent space LDA pipeline.

Figure 5.1: The comparison of the three pipelines over all datasets. To acquire the mean ROC AUC scores
for each dataset, all sessions of all participants have been averaged. The mean of the datasets has been
indicated with the cross marker. The errorbars indicate two standard errors around that mean (SEM).
The datasets and the legend have been sorted in an ascending order in accordance with the score of the
tangent space LDA pipeline. The mean scores over all datasets for the pipelines from left to right are
0.8230, 0.831 & 0.831.
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These findings seem still valid when the scores are examined in more detail. In table 5.1, the
mean scores ROC AUC of the three pipelines are presented, together with the corresponding SCM.
To obtain the mean scores, the scores of the subjects per dataset have been averaged. The SCM
is calculated over all participants.

The mean ROC AUC scores of the three pipelines

Dataset
tangent space LDA Response shrinkage Super trial shrinkage

µ SEM µ SEM µ SEM

SPOT 0.6720 0.0231 0.6754 0.0230 0.6754 0.0230

Braininvaders 0.9333 0.0106 0.9329 0.0105 0.9329 0.0105

EPFL 0.8456 0.0264 0.8465 0.0267 0.8465 0.0267

BNCI 1 0.8570 0.0176 0.8589 0.0172 0.8589 0.0172

BNCI 2 0.8273 0.0224 0.8283 0.0227 0.8283 0.0227

BNCI als 0.8491 0.0158 0.8501 0.0158 0.8501 0.0158

Table 5.1: The mean (µ) and SEM of the performances of each pipeline for each dataset. The mean has
been computed by averaging all sessions for all participants of a single dataset. The standard error has
been calculated over the number of subjects per dataset.

From the table it becomes clear that the proposed pipelines enhance the classification score for
all datasets but the Braininvaders dataset. There is an improvement of 0.51% for both pipelines
compared to the tangent space LDA pipeline when the SPOT data is regarded. For EPFL,
BNCI 1, BNCI 2 & BNCI als datasets, this increase is respectively equal to 0.11%, 0.22%,
0.12% & 0.12%. On the other hand, as mentioned before, the performance of both proposed
pipelines worsens when the Braininvaders dataset is considered: there is a decrease in perfor-
mance of 0.04% compared to the baseline. In addition, given the SEM, it is shown in the table
that the dispersion of the scores is more or less the same for the three pipelines. The score of
both proposed pipelines is very similar. I will devote more attention to this observation in the
discussion.

To provide a more detailed view, the scores for SPOT and the Braininvaders datasets are pre-
sented individually in the figures 5.2 & 5.3. In Figure 5.2, it is shown that the pairwise per-
formance for a single participant is generally higher for the two proposed pipelines. Subject 6
is an exception to this observation. The two pipelines did not provide any improvements for
the Braininvaders dataset. It is very hard to see a difference between the subjects, as the mean
peformance decrease is equal to 0.4%. Still, subjects 13 & 17 can be used as an example where
the performance has slightly declined. On the other hand, for some subjects the classification
score was increased. The latter observation holds for example for subjects 3 and 4.

For the remaining datasets, similar figures can be found in appendix B. For these datasets it
holds that both proposed pipelines yield better performances compared to the baseline, yet, the
improvements are small. To find out what scores are not only small, but also marginal, I used
statistical tests to identify what differences could be considered significant. This is the topic of
the next section.
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Figure 5.2: The comparison of the three pipelines over the SPOT dataset. To acquire the mean ROC AUC

scores for each participant, all sessions of that participant have been averaged. The mean of the datasets
has been indicated with the cross marker. The errorbars indicate two standard errors around that mean
(SEM). The datasets have been sorted in an ascending order in accordance with the score of the tangent
space LDA pipeline.

Figure 5.3: The comparison of the three pipelines over the Braininvaders dataset. To acquire the mean
ROC AUC scores for each participant, all sessions of that participant have been averaged. The mean of the
datasets has been indicated with the cross marker. The errorbars indicate two standard errors around
that mean (SEM). The datasets in the legend have been sorted in an ascending order in accordance with
the score of the tangent space LDA pipeline.
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5.2 Statistical Significance

As mentioned in Section 4.5, I used the Wilcoxon signed rank test because of the ceiling effect
in the score. The BNCI 1 dataset can be used as an example of this effect, shown in Figure 5.4.

Figure 5.4: The normalized histogram of the ROC AUC scores of the BNCI 1 dataset. The histogram is
superimposed with a gaussian distribution that is parameterized with the mean and standard deviation
of the scores. Because of the ceiling effect (the ROC AUC is merely defined on the interval [0,1]), the
distribution is left skewed. This is also reflected in the kurtosis (abbreviated with kur). Fishers definition
of the kurtosis is used, implying that a Gaussian distribution has a kurtosis of 0.0 [52].

The p-values that have been found are presented in Table 5.2.

The p-value per dataset

Dataset
Response shrinkage vs. tangent space LDA

p-value

SPOT 0.000488

Braininvaders 0.0951

EPFL 0.156

BNCI 1 0.105

BNCI 2 0.193

BNCI als 0.109

Table 5.2: The results of the two-sided Wilcoxon signed rank test. The scores the resonse shrinkage
pipeline have been compared to the baseline. The mean scores per participant served as samples for each
test. The number of participants differs per dataset, as shown in table 4.1.

To determine whether the found changes in performance are significant under the Holm-Bonferroni
correction, the p-values are first sorted in ascending order. Next, the p-values are compared with
the adjusted significance level. The adjusted significance level according to the Holm-Bonferroni
method is equal to α

m−index . Here, index is the index of the p-value in the sorted list, starting
at 0, and m is the number of conducted tests. I did not compare both methods to the baseline
for their performances are more or less equal, as shown in table 5.1. Rather, I only compared
the response shrinkage pipeline to the baseline. The algorithm considers the significance of the
p-values one by one, until a the null hypothesis cannot be rejected. In that case, the remainder
of the null hypotheses is accepted, indicating that there is no significant difference in these cases
[53].
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After having applied the Holm-Bonferroni correction, it becomes clear that the null hypothe-
sis can be rejected for the improvement of the classification performance of the SPOT dataset(
0.000488 < 0.05

6

)
. The next p-value in the list, that corresponds to the score of super trial on

the Braininvaders dataset, compared to the score of tangent space LDA on the same dataset, is
larger than the significance level (0.0951 > 0.05

5 ). Thus, all null hypotheses that correspond to
the remaining p-values are accepted, meaning that there is no significant difference between the
baseline and the proposed methods for the concerned datasets.
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Chapter 6

Discussion
Purpose of the Chapter

In the previous chapter, the classification scores of the three pipelines have been presented:
The classification score of one dataset has been improved significantly. For another dataset
there is a slight and insignificant decrease in performance, whereas there is an insignificant
increase in performance for the remaining datasets. The goal of this chapter is to discuss the
cause of the differences in performances that have been shown. To guide this discussion, I first
review the Ledoit-Wolf shrinkage regularization algorithm by investigating the mean values of
the shrinkage parameter. Next, I analyze the effect of shrinkage regularization on the MSE
and Riemannian distance. Furthermore, I discuss the locations that I have identified for the
application of shrinkage regularization in section 6.4. Lastly, I have a look at the differences
between the datasets, that are possibly reflected in the differences between the results.

6.1 Assessing the Degree of Shrinkage Regularization

One of the possible causes for the insignificant change in performance could be the degree of
shrinkage that has been applied. If the value of the shrinkage parameter is low, then one would
expect that there is only a marginal difference between the 3 pipelines. Therefore, the first thing
that I will discuss is the value of the shrinkage parameter.

In section 3.2.1, that provided a brief overview of shrinkage regularization as proposed by Ledoit
& Wolf, it became clear that the tradeoff between the SCM, S, and the structured estimator,
vI, is regularized by the shrinkage parameter ρ. The values for both v and ρ can be calculated
analytically. This solution is based on the minimization of the mean squared error between the
true covariance matrix, Σ and the regularized estimator S∗ [6].

To explore to which degree shrinkage regularization has been applied to the different submatrices,
I calculated the mean shrinkage parameter over the different datasets. These values are shown
in table 6.1. This process allowed me to discover why the scores of the two proposed pipelines
are so similar: the only difference between the two pipelines is the application of shrinkage
regularization to the prototype covariance matrix, located in the upper left. The value of ρ, that
corresponds to this operation, is either 0 or 1 for each of the trials. If the ρ = 0, then there is
no shrinkage applied, and S∗ = S. As a result, the covariance matrix of the prototype is equal
for all 3 pipelines. If the value of the shrinkage parameter is equal to 1, then S∗ = vI, where
v = tr(S)

p . Yet, the eventual covariance matrix does not differ in these two cases. This is due to
two reasons:

(1) The covariance matrix of the prototype is almost diagonal (see appendix A). The entries
that are not on the main diagonal are non-zero, yet, they are in the order of 10−15, so they
are rounded down. As a consequence, the covariance matrix of the prototype only stores
the variances of each feature.
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(2) The data is z-scored prior to the application of shrinkage and the creation of the covariance
matrices. As a consequence, the variance of each feature is 1.

If the value of the shrinkage parameter is 1, then the matrix is replaced by vI. Because the SCM
of the prototype is (almost a) diagonal matrix (1), where (2) each value on the main diagonal is

equal to 1, then v =
∑

p 1

p = p
p = 1 and thus vI = I. Hence, the SCM of the prototype response

is replaced by the identity matrix. Next, the z-scoring is made undone by scaling up S∗, which
yields approximately S. As a result, the two proposed pipelines in practice are very similar.

The mean values of ρ for the SCM of the response covariance matrix are a good reflection of the
individual values. Thus, the shrinkage regularization that has been applied to this submatrix
was more effective.

The mean value of the shrinkage parameter ρ

Dataset Response covariance matrix Prototype covariance matrix

SPOT 0.32 0.72

Braininvaders 0.28 0.75

EPFL 0.21 0.75

BNCI 1 0.36 0.72

BNCI 2 0.26 0.76

BNCI als 0.36 0.80

Table 6.1: The mean value of the shrinkage parameter ρ for the response and prototype submatrices.
The value of the shrinkage parameter is defined on the interval [0, 1], this is maintained by truncating
the value [6]. The value of ρ for the prototype matrix is a lot higher than the shrinkage parameter that
corresponds to the response matrix. This table only shows the mean. In fact, when inspecting the data,
it turns out that the value of ρ for the prototype matrix is either 0 or 1.

From the values of ρ from Table 6.1 for the response covariance matrix, I cannot deduce that the
value for ρ is very different for the SPOT dataset compared to the other datasets. Hence, with
this analysis I cannot conclude what is the cause of the differences in classification performance
between the datasets is.

6.2 The Efficiency of Ledoit-Wolf Shrinkage Regularization

To determine the efficiency of the Ledoit-Wolf lemma, I compared the values of ρ that have
been analytically computed according to equation (3.14) to the value of ρ that minimizes the
MSE according to a grid search strategy. In essence, true covariance matrix, Σ, should be
known before one can compute the MSE with this matrix in regard. Obviously, for the datasets
introduced in section 4.2, Σ is unknown. To still carry out the analyses I made the assumption
that EEG signals follow a multivariate normal distribution with a mean of 0. This assumption
has also been made in [12], [38]. The covariance matrix that parameterizes the distribution
has been sampled from a univariate gaussian distribution, with a mean of 0 and a variance of
111. This covariance matrix is used as the true (or target) covariance matrix, and will thus be
denoted with Σ. Given Σ and the assumption introduced above, the data, X, is sampled from
a multivariate normal distribution N (0,Σ). This process is repeated for 20 iterations. Where
each iteration is parameterized with a fresh Σ. In each iteration the MSE is averaged over 100
different samples with the same Σ to obtain a more informed statistic, in combination with
the SEM. I chose two different combinations of samples and features. In the first combination,

11All matrices and data have been sampled with the same seed.
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with 31 features and 100 samples, the SCM is likely not a good estimator of the true covariance
matrix. The number of features is set to 31 as this lines up with the 31 unfiltered channels of the
SPOT dataset. The 100 samples represent the 100 timepoints. In the second combination, the
5 features ought to represent the 5 spatially filtered features after the application of xDAWN.

In the figures 6.1 & 6.2 the value of the shrinkage parameter and the corresponding MSE are
shown for two different ratios of the number of features to the number of samples. From the
figures it becomes clear that the value of the shrinkage parameter according to the Ledoit-Wolf
lemma is considerably larger than the shrinkage parameter that results from the grid search.
This effect enlarges when the ratio is small, as shown in 6.2 in particular. Because of the
small ratio, the value of the shrinkage parameter decreases slightly. However, the value of the
parameter that minimizes the MSE is a lot smaller.

Figure 6.1: The mean value of the shrinkage parameter ρ per simulated target covariance matrix ∈ R31×31.
For the estimation of the sample covariance matrices, 100 samples have been generated using a normal
distribution.

Figure 6.2: The mean value of the shrinkage parameter ρ per simulated target covariance matrix ∈ R5×5.
For the estimation of the sample covariance matrices, 100 samples have been generated using a normal
distribution. The value of the grid search shrinkage parameter (orange) is a lot smaller than the value of
the SCM that has been estimated using to Ledoit-Wolf shrinkage. This is because the SCM is already
a good estimator of the true covariance matrix, as the number of samples compared to the number of
features is larger than before.

Regarding the MSE it becomes clear from figures 6.3 & 6.4 that the mean squared error of
the Ledoit-Wolf estimator algorithm is lower than the SCM depicted in green. However, this
difference becomes smaller when the ratio of the features to the samples becomes smaller. This
is to be expected, as a small ratio implies that the SCM is a sufficient estimator [6]. Moreover,
the MSE from the Ledoit-Wolf estimator is larger than the MSE that corresponds to the grid
search shrinkage.

I hypothesize that the efficiency of the Ledoit-Wolf shrinkage regularization is more comparable
to the results in figure 6.2 than the results from 6.1. This is because the two instances are more
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similar with respect to the ratio of the number of features to the number of samples. This would
imply that the effect of the regularization is small as the SCM is already an appropriate estimate
of the target covariance matrix.

Figure 6.3: The mean value of the MSE per simulated target covariance matrix ∈ R31×31. For the esti-
mation of the sample covariance matrices, 100 samples have been generated using a normal distribution.

Figure 6.4: The mean value of the MSE per simulated target covariance matrix ∈ R5×5. For the estimation
of the sample covariance matrices, 100 samples have been generated using a normal distribution. The
values of the MSE are a lot lower compared to Figure 6.3, as the SCM is a better estimator given the
higher number of samples.

Shrinkage regularization as proposed by Ledoit & Wolf is not the only existing shrinkage tech-
nique. In [39], an overview is provided of the other techniques and different results can be
obtained from them. I have used the technique by Ledoit & Wolf as this is the technique that I
was the most familiar with.

6.3 Shrinkage Regularization & the Riemannian Distance

Whereas I just discussed the MSE between the simulated target covariance matrices and their
corresponding SCM, it is also worthwhile to consider the effect of shrinkage regularization on the
Riemannian distance. The technique proposed by Ledoit & Wolf minimizes the MSE and does
not give any guarantees about the Riemannian distance [6]. I assessed the effect of shrinkage
on the Riemannian distance using the same strategy as in the previous section, naturally, I now
calculated the Riemannian distance instead of the MSE. The distances, that have been calculated
using the PyRiemann library, are shown in Figures 6.5 & 6.6. Both sample covariance matrices
where shrinkage regularization has been applied suffer from an increase in the Riemannian
distance compared to the original SCM. As a result, the shrunken SCM is a worse estimator
of the true covariance matrix when the Riemannian distance is concerned! This effect possibly
has drawbacks when Riemannian classifiers that are based on the Riemannian distance, such as
minimum distance to mean [8], are deployed on the manifold.
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Figure 6.5: The mean value of the Riemannian distance per simulated target covariance matrix ∈ R31×31.
It can be seen that the shrunken matrices consistently increase the Riemannian distance compared to the
SCM without shrinkage

Figure 6.6: The mean value of the Riemannian distance per simulated target covariance matrix ∈ R5×5.
Again, shrinkage regularization increases the Riemannian distance, but the differences are smaller in this
case.

6.4 The Importance of the Cross-covariance Matrix

Having discussed shrinkage regularization itself, I continue with the location in the composite
covariance matrices where the technique is applied. In the two proposed pipelines, shrinkage
regularization has merely been applied to the submatrices on the main diagonal. The submatrices
on the off diagonal, CP1,Xi , that store the cross-covariance matrix between the response and
the prototype, are ignored. This contrasts with the importance of the submatrices as defined
by Barachant & Congedo [12]. In fact, the covariance matrix of the prototype is the same for
all epoch-based covariance matrices [12]. Hence, it is not of great value when trying to classify
the responses. In retrospect, while it seemed interesting to see the effect of the application of
shrinkage regularization on the SCM of the response, it was not a great idea.

I also considered about shrinking the entire matrix to involve the cross-covariance matrix in the
shrinkage process. I chose not to do so as shrinkage regularization effectively makes a tradeoff
between a diagonal matrix and the SCM, where both operands are multiplied by a scalar. The
cross-covariance matrix, not being on the main diagonal, would only have been multiplied by the
scalar in that situation. Moreover, this scalar would be merely based on the trace of the sample
covariance matrices of the prototype and the response. I do not know, nor has it been reported
in the literature, whether it is appropriate to apply the Ledoit-Wolf Shrinkage technique on
an artificially created covariance matrix, that has been obtained from data where the response
has been concatenated with the prototype. Shrinkage regularization, as proposed by Ledoit &
Wolf, is in principle proposed to find a better estimator for covariance matrices [6]. I have not
found an example in the literature that reports the application on a cross-covariance matrix.
As a consequence, I could not involve the cross-covariance matrix in the process of shrinkage
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regularization, whereas involving it might have a larger effect on the classification score due to
its importance [12].

6.5 Differences Between Datasets

Despite the caveats of the application of shrinkage regularization to the epoch-based covariance
matrices that have been discussed in this chapter, the classification scores of the shrinkage
pipelines were higher for 5 out of 6 datasets. One of the reasons for this effect could be that the
difference between the mean score on the SPOT dataset and the mean score over all datasets
is 0.159 for the baseline. On the other hand, the mean value of the Braininvaders dataset lies
0.102 above the average. Hence, it seems that some improvement can be achieved if the score
of the baseline is on the low end of the spectrum.

The difference in scores between the datasets can have numerous causes, such as the degree of
noise or the number of data points (epochs) that are available per session (Table 4.1). The latter
feature is of interest as it determines the number of training data points for the classifier, as well
as the number of samples12 on which the prototype is based on. The quality of the prototype
influences the cross-covariance matrix, that has been discussed in the previous section. The
number of epochs per session for the SPOT dataset is relatively low (90). However, this also
holds for the BNCI 1 dataset (96). Yet, the scores of the baseline regarding last-mentioned
dataset are a lot higher (µ = 0.8273) than for the SPOT dataset (µ = 0.6720). If the difference
was caused by the small number of target responses, I would expect the score from the BNCI 2
dataset to be lower as well. Similarly, the number of target responses per epoch is equal to 15
and 16 for the SPOT and BNCI 1 datasets respectively.

12In particular, the prototype is based on all the target responses within a single session.
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Chapter 7

Conclusion

To improve the estimation of epoch-based covariance matrix for the Riemannian pipeline, I pro-
pose to apply Ledoit-Wolf shrinkage regularization on its constituents. Shrinking the submatrix
that represents the brain response leads to a significant improvement of the classification scores
for one out of the six datasets that have been considered. From the results, it appears that the
method can be used to enhance the classification score of the datasets that are more difficult
to classify. It is yet unclear which characteristics of the data determine whether or not the
proposed method is a true enhancement. Possibly, this could be investigated in future work.
There are also limitations to this method. The application of shrinkage regularization increases
the Riemannian distance between the target and the sample covariance matrix. In addition,
there is no guaranteed preservation of the symmetric positive definiteness of the covariance ma-
trices. Furthermore, the cross-covariance matrix remains unaltered, while this matrix is of great
importance for the classification of the data points. In further research, more attention can be
devoted to this part of the matrix. Lastly, I have constrained myself to the use of Ledoit-Wolf
shrinkage. This is however not the only variant of shrinkage regularization, and possibly differ-
ent results can be obtained by using other methods.

Returning to the research question: How can shrinkage regularization be applied to single data
point covariance estimations to improve the classification score of the Riemannian pipeline with
respect to the Riemannian pipeline without improved covariance estimations?

I conclude that the application of Ledoit-Wolf shrinkage regularization on the submatrix of the
response can lead to an improvement of the ROC AUC score for datasets that are accompanied
by relatively low classification scores.
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EEG electroencephalography. 5, 9, 11, 16, 22, 24, 38

ERP event-related potential. 6, 9, 10, 12, 17, 22, 30

ICA independent component analysis. 11

iid independent and identically distributed. 19

IIR infinite impulse response. 24
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MDM minimum distance to mean. 40

MOABB mother of all BCI benchmarks. 22, 23, 24, 30
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Visualization of Covariance Matrices
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Appendix B

Classification Scores per Dataset
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