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Abstract

In my research, I implement the Bayesian Adaptive Stimulus Selection
algorithm proposed by Kontsevich and Tyler (Kontsevich & Tyler, 1999) and
adapt it in order to estimate the parameters of generalization curves of motor

learning. Using this algorithm could lead to faster and more efficient
computations and, as a result, more relevant findings. In order to test the

algorithm’s performance, I run it against an algorithm which selects stimuli
randomly. Eyeballing the resulting plots shows a considerable difference in the
performance, although for 2 out of 3 of the curve parameters, the results are
not statistically significant. Future research could further build on this model

to improve its performance, or use it in a model comparison study between

symmetric and asymmetric models of a generalization curve.
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1 Introduction

1.1 Background

The human brain continuously adapts its movement strategies and motor in-
ternal models, as it is trying to make sense of both an ever changing body and
environment. One tool used in this regard is generalization, an ability of great
importance when it comes to learning. Generalization is the process of predict-
ing and adapting to new situations or scenarios, based on knowledge gathered
in a similar setting (Poggio and Bizzi, 2004). As stated in a paper from 2006
(Krakauer et al., 2006), generalization is considered by some “the distinguishing
feature of biological learning [...] because our survival may depend on our ability
to correctly extrapolate to contexts that are different from our limited experi-
ence” (p.1). However, even though the existence of such a mechanism has been
well established, the answer to how exactly this process happens in the brain
remains a topic of heavy debate and discussion in the scientific community, and
it is yet to be understood (Castro et al., 2011).

In motor control research, one aim is to gather relevant findings on generaliza-
tion. One example of a possible experiment is testing generalization using a
robotic arm. Here the question of interest is, ‘how does something that I have
learned for one specific direction generalize to directions that have not been ex-
perienced yet?’. The participant tries to make a forward movement with their
arm, which is inside a robotic manipulandum. However, its movement is dis-
torted by a force field produced by the robotic arm, which pushes the subject’s
arm to the side. After a certain amount of trials, the participant adapts to the
force field and learns how to compensate for it, by pushing back with an equal
amount of force. The main idea of the experiment is that the subject trains
to adapt to one direction and then later different directions are probed to see
how much one generalizes what they have learned. However, this process is
significantly time consuming for both researchers and participants. Therefore,
we would like to speed it up, in order to get a feeling for how generalization
happens in as few trials as possible.

1.2 Bayesian Adaptive Stimulus Selection

One efficient way to do so is by using Bayesian Adaptive Stimulus Selection.
Adaptive Stimulus Selection picks stimuli (here, the stimuli are the angles of
the directions we are probing) that are maximally informative given the data we
have so far, in order to reduce the number of trials necessary (Bak and Pillow,
2018). A Bayesian approach was chosen, as probabilistic models are becoming
more and more prevalent in research which aims to understand cognition (Chater
et al., 2006). There are more ways to implement Bayesian Adaptive Stimulus
Selection, but the method presented in this paper is based on the algorithm
proposed by Kontsevich and Tyler (K&T), who try to approximate the param-
eters of a psychometric function, being their generative model (Kontsevich and
Tyler, 1999). After firstly having implemented their algorithm, I adapt it in or-



der to work on generalization curves in motor tasks and then run it against an
algorithm that picks stimuli in a random manner. I hope to see that the adap-
tive algorithm performs more efficiently than the random one, more specifically
needing less trials in order to converge towards relevant results. The aim of this
project is to attest the efficiency of the Bayesian Adaptive Stimulus Selection
algorithm, which in the future could lead to more complex experiments being
performed and more relevant results being found. Therefore, this project could
be considered a stepping stone towards more advanced findings in Neuroscience,
which were limited beforehand by technological shortcomings.

1.3 Research Question

“Can we use Bayesian Adaptive Stimulus Selection in order to estimate gener-
alization curves in a reliable and efficient manner?”

2 Methods

2.1 Kontsevich and Tyler (1999)

Kontsevich and Tyler (Kontsevich and Tyler, 1999) introduce a Bayesian adap-
tive algorithm that approximates the parameters of their model (threshold and
slope) such that the psychometric function best fits the given data. The algo-
rithm takes a list of possible parameter sets, and returns a posterior probability
distribution over all of them. In order to do so, they use entropy as a utility
function and try to pick the stimulus that minimizes it, in order to maximize
information gain. Based on that stimulus they obtain a response for which they
compute the new probability distribution. The new probability distribution
becomes the prior for the next iteration. The algorithm functions under the
assumption that the right model is included in the sample space of parameter
sets.

Before implementing their algorithm, certain steps had to be taken. Firstly,
the stimulus array had to be defined. I chose 200 evenly distributed values in
the range [-5, 5]. The reason for choosing such a small interval is that, because
we are dealing with psychometric functions, a lot of information is contained
in the very small interval around the threshold. Also, choosing too big an in-
terval would significantly affect model running time whilst not producing more
relevant results. Secondly, the generative model had to be created. Here, the
generative model is the parameter set that the algorithm needs to approximate
back. Furthermore, all the parameter sets had to be generated. For the means
I chose 61 evenly distributed numbers in the range [-3, 3], while for the stan-
dard deviation I chose 50 evenly distributed values in the range [0.01, 5]. The
parameters sets were created by combining each mean value with each standard
deviation value, thus I had 3050 possible parameter sets.

The next step was creating a lookup table, containing the conditional probabili-
ties p(r|A, z), where r is the response, \ is the parameter set and x is the stimu-



lus. As Kontsevich and Tyler use the two-alternative forced-choice method, the
response is either a success or a failure. Therefore, in the lookup table, I only
stored the probabilities of success, as the probabilities of failures can be derived
from those (1 - probability of success). In order to get the success probabili-
ties, I used the norm.cdf() function from the SciPy/NumPy library in Python,
which fits a psychometric curve with a given mean and standard deviation to
the stimuli array and returns the resulting probabilities, which I stored in a 2D
lookup table. Finally, the last step was initializing a uniform prior probability
over the parameter sets such that there is no bias in the starting off point for
the algorithm.

As stated before, the algorithm tries to maximize expected gain, by minimizing
expected entropy. Firstly, entropy is calculated for each and every stimulus and
the one with minimal entropy is chosen. Secondly, the stimulus is fed to the
generative model, in order to receive a success (“1”) or failure (“0”) response.
Lastly, for every parameter set A, the probability of it given that specific re-
sponse r and stimulus x is calculated by using the Bayes formula:

_ PP
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Here, p()\) is the prior probability of each parameter set (which is uniform in the
beginning) and p(r|A, x) is the conditional probability from the lookup table.
The posterior probability given by one iteration becomes the prior probability
for the next one. When the termination criterion is reached, which Kontsevich
and Tyler defined as a particular number of trials, the algorithm stops and
returns both a probability distribution over all the parameter sets, as well as
an expected value for the parameters of the generative model, by using the
following formula:

Py(\|zx,r) (1)
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2.2 My Implementation of Kontsevich & Tyler

I implemented the Kontsevich and Tyler Bayesian adaptive algorithm in Python
3, as the multiple built-in functions and matrix manipulation libraries made it
for an easy implementation. I used the NumPy/SciPy libraries for many of its
mathematical tools, Pandas for its usage of DataFrames for easy handling of
the data, and MatPlotLib for the plotting of results. I followed the steps of the
algorithm meticulously up until the last step, calculating the expected parame-
ters of the generative model, which I have chosen to leave out, in order to focus
solely on the posterior probability distribution that the algorithm returned. My
termination criterion was iterating through 100 trials.



2.3 Adapting Kontsevich & Tyler to Generalization Curves

In order to go one step forward, I chose to apply the Bayesian adaptive method
to Gaussian-shaped generalization curves. In order to achieve this, the algorithm
had to be altered significantly: the models are no longer cumulative distributions
but Gaussian-shaped curves, and the possible outcomes are not only success or
failure but different values for a variable called the Adaptation Index (AI).
Furthermore, the utility function is different, switching from entropy to mutual
information. A list of the changes made is shown in the table below:

Kontsevich & Tyler (1999) Adaptation
2AFC Task Motor Task
Psychometric Function Gaussian curve
Utility function: Entropy Utility function: Mutual Information
Parameters: Parameters:
- Slope - Mean
- Threshold - Standard Deviation
- Amplitude

2.4 The Adaptation Index

When one moves their arm from point A to point B, normally one does that in a
straight line. For the motor experiment described in the Introduction, however,
a force field is imposed by a robotic manipulandum that pushes a subject’s arm
to the right. Therefore, instead of going straight, their hand will be driven to
the right. When the participant learns to adapt against the force field, they
start to compensate with a force in the opposite direction. If the subject per-
fectly compensates for the force field, then they use forces that are the complete
opposite of the ones applied to them. If the force is perfectly matched, then it
gets an adaptation index (AI) of 1, but if it is not matched at all, the AT is 0.
If one does only half the compensation, then the Al is 0.5.

In order to calculate the Al and to make sure the researchers have an indepen-
dent measure of what is happening, on some trials not known to the subject
they build two virtual walls using the robotic arm. These walls ensure move-
ment in a straight trajectory, while the subject expects a force to the right, so
they push to the left. That means they will produce a force on the left virtual
wall, which can be measured. This is measured against the force the force field
would have produced, which is a function of the velocity of the movement of the
participant (the higher the speed, the bigger the force). Therefore, an analysis
can be done on the two values and the Al can be calculated.

Despite the fact that the values of adaptation indices are in the interval [0, 1],
because there is noise, the range I am looking at is slightly bigger than that.
I start with the value of -0.5, which could happen both because of noise or
because the participant compensates in the opposite direction. Furthermore, if
the subject perfectly compensates the Al is 1, but in some trials participants
can overcompensate a little, hence going up to an Al of 1.5. Also, I will model



the Als as discrete values, such that the probability of each can be calculated,
even though in reality it is a continuum.

2.5 Mutual Information

As a utility function T followed Pillow’s (Pillow, 2016) suggestion of utilising
mutual information (MI), as he states it is a beneficial method to choose stimuli
that are maximally informative in Bayesian adaptive methods. MI shows the
dependency between two variables, more specifically how much information one
observed random variable conveys about another random variable. In our algo-
rithm we are looking to maximize MI, such that we have as much information as
possible from the data gathered so far. MI can be calculated using the following
formula:

I(X;Y) = H(X) - H(X[Y) = H(Y) - H(Y[X) (3)

Here, H(X) and H(Y') are the entropies for each variable, and H(X | Y) and
H(Y | X) are the conditional entropy.

2.6 Generalization curves

To model the process of generalization to new conditions or a new environment,
it is often assumed that the data falls in a Gaussian-like pattern (Sarwary et al.,
2015). Therefore, I used Gaussian curves in the second part of the experiment
to model the generalization process. In order to define them, I took into account
3 parameters: the mean (the center of the curve), the width of the curve and
the amplitude (height of the curve). The mathematical formula used to define
generalization curves can be found below:

Gaussian(z) = A ¢~ (@—mean)®/(2xwidth®) (4)

Here, x is the stimuli array and A is the amplitude of the curve.

In contrast to K&T, where the psychometric function encompasses the probabil-
ities for a success or a failure, a Gaussian curve does not show the probabilities
of a certain value, but the mean AI for every stimulus angle which in turn
has a Gaussian distribution around it. In order to determine the Al we obtain
when given a stimulus, one does not take the mean value, but samples from the
Gaussian distribution around it with the mean mAI and the standard deviation
considered known and set at ¢ = 0.1. The graphical representation is depicted
in Figure 1:
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Figure 1: Visual representation of a generalization curve: the angles are the
stimuli which correspond not to a probability, but to a mean value mAI of the
Adaptation Indeces. In order to obtain the value for the Al, one needs to sample
from a distribution with the mean mAI and the standard deviation set to 0.1.

Therefore, in essence, there are an infinite number of possible outcomes, thus
the response is replaced with the probability of an Al given a stimulus. As men-
tioned before, the Als are theoretically a continuous variable, but we represent
them as discrete values.

2.7 Implementation of the Adaptation

For the stimulus array, I chose 51 evenly distributed values in the range [-120,
120], which represent the different angles generalization is probed for. The gen-
erative model was a Gaussian curve with a mean of -20, a width of 27.5 and
an amplitude of 0.75. These are the parameters that the algorithm had to ap-
proximate. Also, in order to define the parameter sets, I chose 38 values for the
mean (range [-90, 90]), 15 for the width (range [5, 45]) and 11 for the amplitudes
(range [0.5, 1.5]) and defined all the possible combinations of these values. I
thus ended up with 6270 parameters sets from which the algorithm needs to
estimate back the correct one.

The changes mentioned above lead to the lookup table becoming more complex:
we switch from a 2D table to a 3D table in order to accommodate for the differ-
ent discretized values of AI. To generate the lookup table I used the norm.pdf()
function from the SciPy/NumPy Python library, which fits a Gaussian curve
with a given mean (which is the average Al value given a certain parameter set
and a certain stimulus) and standard deviation (which is set to 0.1) to the array
containing the Als and returns the resulting probabilities.

Following the K&T method, the algorithm starts with a uniform prior over all



parameter sets. Similarly, it uses mutual information as the utility function
in order to choose the most informative stimulus for every trial. Therefore, it
picks that stimulus that has the highest mutual information and then feeds it to
the generative model, which gives back a response. Finally, in order to update
the probabilities, we apply Bayes formula. Based on the updated probability
distribution, the algorithm can estimate the 3 parameters of the generalization
curve.

3 Analysis & Results

In order to test the adaptive algorithm’s performance in estimating generaliza-
tion curves, I ran it against an algorithm that samples the stimuli in a random
manner. This way, I could analyse whether the adaptive algorithm is indeed
more efficient, and more specifically if it needs fewer iterations to obtain relevant
results.

Firstly, I wanted the see the performance of the algorithm when choosing the
most informative stimulus, thus I visualized the performance of both algorithms
in picking stimuli over 100 trials. The results are depicted in Figure 2:
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Random algorithm stimulus selection
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Figure 2: Stimulus choice for adaptive (left) and random (right) sampling over
100 trials

In the left panel it can be observed that the adaptive algorithm has a more
structured approached and needs less trials in order to find the stimuli that are
maximally informative, as well as having a smaller searching pool. In compari-
son, the random algorithm shown in the right panel performs randomly for all
the 100 trials.

Secondly, I wanted to test the performance of the 2 algorithms in estimating
the values of the parameters. The error measure I used in my analysis was the
squared difference between the real value of the parameter and the value esti-
mated by the algorithm (adaptive or random). During the testing phase, I did
10 runs for both algorithms, each one consisting of 100 trials. I thus ended up
with 2000 data points, 1000 for the adaptive algorithm, and 1000 for the random



one. Afterwards, for each trial, I used the mean squared error to calculate the
mean over all the runs. The mean squared error has the following formula:

1« -

MSE =~ ;(Y Y;) (5)
I repeated the process for both the adaptive and random algorithm and for
each parameter of the Gaussian curve: the mean, the standard deviation and
the amplitude and plotted the results. I also plotted the standard deviation
of the error points for every trial, which is the difference between the most
extreme values. This shows the consistency over runs for both algorithms. In
total, I ended up with 6 different graphs that show the disparities between the
performances of the adaptive algorithm and the random one. The results are
depicted in Figure 3:
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Figure 3: Performance of the Adaptive algorithm (blue) vs the Random algo-
rithm (orange) for each of the 3 parameters (mean, width, amplitude). On the
left, for each algorithm, for each trial, the average error (calculated using MSE)
over runs is plotted. On the right, for each algorithm, for each trial, the average
standard deviation over runs is plotted.

It can be observed that, when choosing stimuli adaptively, it takes fewer trials
for the curve to come down, which confirms the idea that the adaptive algorithm
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needs less time in order to reach relevant results. Furthermore, the adaptive al-
gorithm generally shows lower deviations in error rates than the random one.
This means that there is less divergence in between runs, so the adaptive algo-
rithm does show more consistency in its performance.

3.1 Significance Testing

In order to test for significance, a couple of steps had to be taken. To begin
with, I defined an exponential function to be fitted on error data as: a*exp(-
b*x)+c. Next, I used the curve_fit() function from the SciPy optimize library
per run to fit the defined exponential function to the squared error data from
the random and adaptive algorithm’s performance on predicting the 3 Gaussian
curve parameters. Therefore, for each parameter, 20 exponential curves were
obtained. The results are depicted in Figure 4:
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Figure 4: Significance Testing for the difference in the performance of the Adap-
tive algorithm (blue) vs the Random algorithm (orange) for each of the 3 pa-

11



rameters (mean, width, amplitude). For every algorithm, for every run, an
exponential curve was fitted to the squared error data and the slope of the curve
was used in a student t-test.

From these curves, the slopes b of both the random and adaptive algorithm were
tested for significance, using a student t-test. The slopes had to be transformed
using a log transform, in order to be normally distributed for the t-test. Out
of all the 3 cases, only the values for the mean showed a significant difference
(p = 0.284). The width (p = 0.5753) and the amplitude (p = 0.6555) were not
significant.

4 Discussion

We have seen that the adaptive algorithm outperforms the random one in esti-
mating the parameters of generalization curves, as it needs fewer trials to reach
relevant results. This could have a positive impact on future research, as lim-
iting experiment duration can lead to faster and more advanced findings in the
future. Therefore, this experiment could be considered a step towards answer-
ing the question of how the human brain performs generalization (Yokoi et al.,
2011).

The current study presents a couple of limitations, however. Firstly, there was
no statistical significance shown in the t-test done on the data for 2 out of the
3 parameters. This could be because 10 runs are not enough in order to gather
enough data for the significance testing, thus more data could be gathered in
hope to see more significant results. Despite the lack of statistical significance,
eyeballing already reveals a positive trend in the data from the adaptive algo-
rithm compared to the random one, thus better methods should be devised to
truly test for significance as the curve’s slope is not always indicative of better
performance.

Secondly, my research functions under the assumption that generalization curves
are Gaussian-shaped and symmetrical: the left side of the curve has the same
width as the right side. However, this might not be the case. At the moment,
there are debates in the field of psychophysics regarding the way motor learn-
ing takes place. The majority agrees that the process is plan based: actions
are relying on current knowledge (Todorov and Jordan, 2002) and, therefore,
use exploitation of this knowledge to maximize the performance (Castro et al.,
2011). However, Gonzales-Castro presents evidence in his studies supporting
a theory that motor learning is motion based: motor variability supports the
learning process and therefore, is based on exploration mechanisms (Castro et
al., 2011). This disparity can also lead to different models of motor general-
ization. On one hand, the model conventionally used shows the generalization
as a symmetrical Gaussian-like pattern (Sarwary et al., 2015), with the same
width for both the left and the right half. On the other hand, Gonzales-Castro
models it as two shifted Gaussians, with different widths (Castro et al., 2011).
Furthermore, Selen also shows evidence of skewed generalization in his research
(Selen, 2013).
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Future research could take the next step and further adapt the algorithm to
perform model comparison. Frequentist Statistics is limitative, as model com-
parison is not transitive: if one model has a lower p-value than another model
for the same null hypothesis, it does not mean that the former model is better
than the latter (Wagenmakers, 2007). However, in Bayesian Statistics, we can
use the Bayes Factor to infer which model predicts the data best. This is why
the Bayesian Adaptive Stimulus Selection algorithm proposed by Cooke (Cooke
et al., 2018) could be used, in order to dissociate between a symmetric and asym-
metric generalization model of force expression in motor learning. I believe my
code is stable enough to actually expand it in that direction and implement
Cooke’s algorithm, in order to see which model best fits the generalization data
while performing the analysis in a fast, efficient manner.
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