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Abstract

Graphon estimation models have emerged over the past ten years as possible successors of the
popular stochastic block models (SBMs). They improve upon the modelling exibility of SBMs
by doing away with classes of nodes while promising to keep a similar level of interpretability
through visualisation of the graphon function. In particular Bayesian nonparametric graphon
estimation models have been proposed, which add their own advantages to the eld. The present
work explores the applicability of these graphon estimation models to the eld of connectomics
especially to the sub eld of structural connectivity analysis. Despite certain drawbacks of
the method with regards to scalability and graph density, graphon estimation is a promising
technique for connectomics, due to its predictive power and modelling exibility compared to
other methods.
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Chapter 1

Introduction

1.1 Background

The rise of network neuroscience and connectomics in the past 20 years highlights the im-
portance of analysing the network properties of the brain. Instead of focusing solely on the
characteristics of neurons and their direct connections, connectomics o0 ers a complete view of
the whole brain network at once. In order to make sense of these brain networks, researchers
make use of techniques from network science, a eld which itself recently underwent a period of
rapid development. This approach has been useful in studying how the structure of the brain
network is related to variables such as age, creativity and disease progression. Researchers have
for example found that disorders of consciousness (coma, minimally conscious states) are related
to an increased transitivity (Tan et al., 2019). Where transitivity is a graph property, which
calculates the proportion of triangles (three mutually connected nodes) of all triads (two edges
with one node in common). Interestingly, high levels of transitivity have also been reported
for highly creative individuals (Durante & Dunson, |2018). These results highlight the role that
segregation or clustering have in the organisation of the brain, as transitivity is usually inter-
preted as a measure of clustering. In addition to basic graph properties such as transitivity,
graph theory also provides techniques that go beyond describing and analysing graphs, such as
generative graph models. These generative models are formal procedures that describe how a
graph is generated. Such procedures can also be understood as \wiring rules” for the network,
encoding a hypothesis of the precise wiring rules that creates certain networks. Techniques of
this sort have been successfully applied to connectomics, by using Bayesian statistics to estimate
the most likely model to have generated the data. Using such modelling techniques, (Vertes et
al., 2012) found that the wiring rules that most likely created the brain networks of subjects
with schizophrenia di ered from those of healthy subjects. This approach allowed for sampling
new plausible brain networks, while also functioning as a predictor for schizophrenia. These
examples indicate the usefulness of methods and techniques from network science to understand
the brain and the behaviour it facilitates. Especially generative modelling of the connectome
seems to be a promising research avenue that helps to understand the brain at a deeper level.



1.2 Graphon Models

Itis a common assumption in network modelling, that the order of the nodes does not change the
information contained in the network. The relationships between nodes are therefore assumed
to collectively be the unique description of the network. This assumption has far reaching
consequences, as Lowsz and Szegedy (2006) and others have proven, that all such models
approximate a common mathematical object, which they termed the graphon. This revelation
has created interest in using the graphon directly to model complex graphs. Such graphon
based models have repeatedly been shown to outperform the models they generalise in link
prediction tasks (Lloyd, Orbanz, Ghahramani, & Roy| 2012;|Xu et al., |2019). Some of these
outperformed models have previously also been applied to connectomics, such as the eigenmodel
(Hinne et al., 2017) and the stochastic block model (Pavlovc et al|, 2020). However, there
might also be drawbacks associated with graphon models, despite their good performance on
link prediction tasks. It has been suggested, that that graphon models trade o generality with
interpretability in the sense that the graphon function they estimate is an object of equal if
not higher complexity compared to the large graphs that we hope to better understand|(Jacobs

& Clauset, 2014). Thus, despite the drawbacks, it seems that graphon models can improve
upon the status quo in network modelling, at least with regards to the task of link prediction.
Interestingly however, graphon models do not seem to have been widely applied in network
neuroscience or connectomics research.

1.3 Related Work

Neither in a seminal summary of the models used in network neuroscience (Bassett, Zurn, &
Gold, 2018) nor in a similar summary about generative models for connectomics (Betzel et al.,
2016) has there been any mention of graphon estimating models. This absence can be explained
partly by the recency of the underlying theory, as the rst inception of the graphon stems from

a mathematical paper published in 2006 (Lowasz & Szegedy, 2006). It was not until the publi-
cation of the random function model by Lloyd et al. (2012) that graphon estimation methods

in general began being published, although it can be argued that graphon estimation models
generalise multiple older model approaches. And subsequently, only very recently have there
been any application of graphon estimation methods on connectomics.

The rst publication in which graphons were estimated for brain networks was done by Roy,
Ghosal, Prescott, and Choudhury (2019). In this work, the authors use a Bayesian nonpara-
metric technique called Dirichlet process and random series of B-splines to model the graphon
of Alzheimer patients at di erent stages of progression. The authors found that their esti-
mated graphons could reliably pick up the loss of long range connections in the brain during
the progression of Alzheimers disease. The authors do not go into the details of how much their
graphon resembles the true gaphon of the ground truth network. Neither do they approach the
topic of sampling new networks from their learned model.

Another work, of which only a preprint is available, has been produced by Chandna and
Maugis (2020). In this work, the authors have extended the graphon to what they call the
\multi-graphon” by adding another parameter to the graphon function, which is supposed to

modulate some domain speci c variable. In their experiments, they used this formulation to



explore di erences in the graphons of people with di ering composite creativity index. They
showed that their approach correctly extracted certain characteristics of the connectomes, such
as edge density and average path length. The extension of the graphon might make this ap-
proach more valuable to connectomics, as it would allow for the easier learning of dynamic
graphons that can change in relation to an external variable such as time. However, changing
the mathematical de nition of the graphon may weaken the claims that can be made about what
the model actually learns. The authors actually draw samples from their estimated graphons,
but they do not validate them against the ground truth information.

Finally, a third work using graphon estimation methods on connectomics has recently been
published by Sischka and Kauermann (2022). Similar to the work by Roy et al. (2019), the
authors estimate the graphon using B-Splines, a semiparametric Bayesian method. The au-
thors applied their method to a functional connectivity dataset and compared the result of
their method to the result of the similar stochastic block model. They concluded that their
graphon estimation approach improves upon the stochastic block model and is thus of interest
for connectomics, without making further claims on what their method has captured.

In summary, there have been relatively few attempts to apply graphon estimation models within
connectomics so far. Many of these applications to connectomics have been undertaken recently,
which might indicate that interest for the graphon model is on the rise in connectomics.

1.4 Motivation

Taken together, it is thus far largely unclear to what extent the eld of connectomics can
bene t from graphon models. On the one hand, the improved performance in link prediction
tasks indicates that graphon models are better suited to model complex networks compared
to previously used models. This increase in performance seems to also hold for the domain
of connectomics, given the related work and the fact that similar models have worked well on
connectomics datasets in the past. On the other hand, the complexity of the model might make
it less useful as a means to investigate the wiring rules that underlie network creation, which
has previously been addressed with generative models. For these reasons, the present work
seeks to explain and contextualise the graphon as well as introduce a seminal graphon model,
investigate whether the improved link prediction performance holds for connectomics datasets
and explore further advantages of the graphon approach that might be of interest to the eld of
connectomics. To this end, a set of of research questions is formulated, that guide the remainder
of this work.

1.4.1 Research Question

Graphon models appear to improve upon link prediction performance compared to the models
that they generalise, which implies that graphon models are able to learn the properties of the
underlying graphs better than other models. Furthermore, estimating the graphon function
that is likely to have produced a certain graph may have other advantages, as every possible
graphon function is de ned over the same space ([QL]%), making them more comparable than
graphs, which can be de ned over di ering amounts of nodes. Thus, to investigate these ideas,
the research question and hypotheses are formulated as follows:



Does graphon estimation improve upon the modelling performance of models gen-
eralised by the graphon when applied to structural connectomes?

Hypotheses:

H1: Given that graphon models work well in comparison to models that they generalise such
as the stochastic block model in other domains, it seems likely that they outperform such
models on connectomics data as well.

H2: Since the graphon is a function over a xed space, it might be more meaningful to
compare graphons than it is to compare graphs with each other.

H3: Given that the brain networks of healthy adults are relatively similar in their structure,
| am expecting that the graphons estimated from healthy adults are similar as well.



Chapter 2

Preliminaries

The topics mentioned below are necessary to grasp the problems and opportunities surrounding
nonparametric graphon estimation as done with the random function model.

2.1 Connectomics

According to Bassett and Sporns (2017), the eld of connectomics has emerged as a sub eld of
network neuroscience. Whereas network neuroscience comprises any research endeavour that
uses methods from network science in the context of neuroscience, connectomics speci cally
refers to the creation and study of the connectome, which is a complete map of all connectivity

in the brain (Sporns, Tononi, & Ketter, 2005; Hagmann, 2005).

The creation of connectivity maps can be done on di erent recording scales, respectively called
the microscale, mesoscale and macroscale (Sporns, 2016). The connectivity can also refer to
di erent concepts. When connectivity is taken to mean structural connectivity, the connectome

is created using axonal information from single neurons (microscale), axonal connections be-
tween neuron populations (mesoscale) or white matter bundles connecting general regions of
interests (macroscale). However, connectivity can also be de ned as functional connectivity,
in which case the co-occurrence of activity in di erent neurons, neuron populations or brain
regions de nes the connectivity map. Furthermore, e ective connectivity has been proposed
as an improvement upon functional connectivity (Friston, 2011). In e ective connectivity, the
direct causal in uence that a neuron, neuron population or region of interest has on another
determines the connectivity map.

The subsequent analysis of connectivity maps, regardless of how they were created, is done
through methods and techniques from network science. Similarly to the di erent scales of mea-
surement during the connectome creation process, network analysis can take place on di erent
scales. Most authors refer to network properties at di erent scales as local, subglobal and global
network properties (Takes, 2014), although micro, meso and macro can be used as well Betzel
(2022). Similarly to how microscale brain measurements focus on a single neuron or axon, local
network properties focus on a single node or edge. Interesting local properties include node
degree, second order node degree or node centrality measures. Subglobal network properties
hold for a group of nodes, comparable to mesoscale measurements that focus on neuron pop-



ulations. At this scale, properties such as stochastic equivalence, homophily and community
structure are of interest. Finally, global properties, that take the whole network into account,
comprise properties such as the characteristic path length, edge density and degree distribution.

Making use of the above properties, research in connectomics has recently focused on sub-
global network properties. Especially questions surrounding the modularity of the brain can be
studied with this setup. Models such as the stochastic block model (SBM) can capture the dif-
ferent possible avours of modularity. The SBM can detect communities with arbitrarily strong
peripheries, which makes it ideal to answer questions about the importance of modularity in the
human brain. Furthermore, network models have been used to describe the changes in connec-
tivity in the brain due to ageing or disease progression (Geerligs, Renken, Saliasi, Maurits, &
Lorist, 2014; Yuan, Treble-Barna, Sohlberg, Harn, & Wade, 2017; Roy et al., 2019). For further
information on recent trends within connectomics, | refer the reader to Betzel (2022).

2.2 Structural Connectivity

Structural connectivity is usually measured using di usion MRI. The collected data is further
processed using streamline tractography, which connectes regions of interest in the brain to-
gether, tracing bundles of white matter. The set of regions of interests is called a parcellation.
The outcome of the tractography operation is sometimes called a tractogram (Yeh, Jones, Liang,
Descoteaux, & Connelly, 2020). This tractogram is a matrix of rank n where n denotes the
amount of regions of interest, for which connections have been traced. The entries of the ma-
trix are the streamline counts that have been found between two regions of interest. These
streamline counts are unbounded values that loosely represent certainty of a connection being
present, although the relationship between streamline counts and probability of existence is not
straightforward (Roberts, Perry, Roberts, Mitchell, & Breakspear, 2017). Since the streamline
counts represent edges between regions of interest, the tractogram can be viewed as a weighted
adjacency matrix. For the graph theoretical approach chosen in this work, the matrix will how-
ever be thresholded, such that it becomes a symmetric binary matrix with an empty diagonal,
as there cannot be any connections from regions of interest to themselves. This restricts the
modelling output, as predicted self loops will be removed before evaluation.

In previous research on modelling structural connectomics, generative random graph models
have been successfully applied (Bullmore & Bassett, 2011; Simpson, Hayasaka, & Laurienti,
2011). Random graph models are a large family of models, which are usually de ned as a
generative process of creating a graph, given some parameters. In connectomics, this setup has
been successfully used to infer the parameters for random graph models, that likely gave rise to
the observed connectome, which allowed researchers to compare models based on meaningful
model parameters.

2.3 Stochastic Block Model

One of the more established models for modelling complex networks, is the stochastic block
model. It was introduced by Holland, Laskey, and Leinhardt (1983) as an extension of the
previous deterministic work on modelling graphs. The stochastic block model is de ned byn



groups of nodes, and a matrix containing edge probabilities between all groups. Nodes belong
to one of the n groups and thus have certain probabilities of connecting to any other node
depending on what group they belong to.

Figure 2.1: Graphs and stochastic block models describing them. The darker the color, the
higher the connection probability. This visualisation is taken from them from Funke & Becker
(2019).

The similarities of the graphon with the stochastic block model make the latter an ideal can-
didate to compare the bene ts of the graphon model against and also to look for inspiration,
given that the stochastic block model has been applied and researched for the past ve decades.

2.4 Graphon

The graphon was rst de ned as the limit of a sequence of dense graphs. This limit object is
represented by a symmetric function called w, W,W or , hereafter referred to as . The
function signature of the graphon function is : [0 ;1! [0;1]. In words this tells us that
takes two real valued parameters between O and 1 and returns a real value between 0 and
1. A single graph can be sampled from the graphon, by sampling a valug; between 0 and 1
from a uniform distribution for each node n; and then adding edges between nodes; and n;
by drawing a sample from a Bernoulli distribution with probability ( Xi;x;) = ( Xj;X;j). Since
every node in the network is associated with a valug;, this graphon approach is also termed a
latent variable model. This property makes it similar to the eigenmodel by Ho (2007), which
is also a latent variable model, albeit with a di erent de nition of the latent space. Due to
the aforementioned sampling procedure, the function can be seen as a continuous adjacency
matrix and the graph de ned by it is sometimes referred to as a W-graph (Latouche & Robin,
2016). In gure 2.1 this concept can be seen, where the graphon function appears to be a
smooth version of the concrete adjacency matrix.



Figure 2.2: Graphs, adjacency matrices and graphons for the bipartite half graph (top) and a
random graph (bottom). This visualisation is taken from Borgs & Chayes (2017).

To understand what the graphon as a limit object is representing, we have to understand what

it is the limit of. This is however a eld of active research, as multiple di erent answers can be
given to this question. In this context we de ne convergence as follows: given a process that
constructs graphs of arbitrary sizes with a certain property (e.g. bipartite), a sequence of graphs
strictly increasing in size may converge with respect to a certain metric applied to the graphs.

In the example of a sequence made up of half graphs of increasing size, the convergence can be
visualised as a smoothing of the adjacency matrix, as seen in gure 2.2. Convergence of graph
sequences can be de ned with respect to di erent metrics. However, the rst and still most
prominent metric to de ne convergence by, is the cut metric, as de ned by Lowasz and Szegedy
(2006). The cut metric decreases to zero as the size of the graphs in a sequence continue to
grow. The following de nition of the cut metric is taken from Memoli (2016): Let G and G' be

two graphs with node setf1;::;;ng. For Subsets S, T off 1;:::; ng, let eg(S; T) be the number

of edges starting in S and ending in T (edges in the union $ T counted twice.) De ne their

cut distance as

jec(S;T)  ego(S;T)j
(669 = _max 15T S5l

The de nition of the graphon as the limit of sequences of graphs has at least one important
consequence related to the edge density it represents. Given that the graphon is de ned for
sequences of increasing size, the edge density of the graphs in the sequence tends to O if the
amount of edges grows witho(n?). Such a sequence is called a sequence of sparse graphs, while a
sequence with a growth rate ofO(n?) is called a sequence of dense graphs. Thus, the graphon is
zero almost everywhere for sequences of sparse graphs. This might imply that graphon models
(and all models they generalise) are misspeci ed for modelling real world graphs, which are often
characterised as sparse, with related models producing sparse sequences (Wolfe & Olhede, 2013).

There exists an older but related approach to modelling networks, which makes use of a slightly
di erent formalism, called the representation theorem for exchangeable random graphs. This
approach underlies nearly all random graph models, which have been thoroughly researched in
the eld of statistics (Hoover, 1979; Aldous, 1981; Kallenberg, 1990). Work on showing that
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these two theories are two separate branches of network science that treat the same mathemat-
ical object, has been done by Diaconis and Janson (2007) and Austin (2008). Both authors
remarks show that the de nition of the graphon as a graph limit allows for the application of
algorithms and methods developed in the eld of property testing to the graphon.

Furthermore, this work shows that graphon models generalise all random graph models that
operate under the assumption of node exchangeability. This includes models such as the
Erdds{Renyi random graph, the stochastic block model, the random dot product graph model
and the in nite relational model (Avella-Medina, Parise, Schaub, & Segarra, 2020). The gen-
eralisations for the Erdys{Renyi random graph and the stochastic block model have relatively
short proofs that elucidate this concept of generalisation. The random graph model can be
written as G(N; p) where N is the amount of nodes in the graph andp is the probability that

an edge between two nodes exists. Thus to draw a sample from the graph de ned Bg(N; p),
we have to sample for every edgenj; nj) from the Bernoulli distribution Bern( p), the outcome
of which determines the presence of edgen(;nj). An equivalent de nition making use of the
graphon model can be achieved as follows: Fdd nodes, sample for each node; a value x; as
Xi  Uniform(0; 1) and sample edges between nodes and n; by sampling from Bern( (' Xi;X;j))
where is dened as 8x;;x; 2 [0;1] : ( xi;x;) = p. If N and p are equal to the values chosen
in the random graph model, this graphon model describes the same distribution over graphs as
the random graph model.

Analogously, the stochastic block model can also be de ned in terms of a graphon model.
The standard de nition of the stochastic block model is given as follows: For a model with k
blocks, sample for every noden its block membership x from a discrete uniform distribution

X Uniform(1;k). Now sample for every edgeej = (nj;n;) from the Bernoulli distribu-
tion e Bern(Pj; ), where Pj is the probability, that an edge between nodes in blocki
and j exist. The equivalent graphon de nition can then be given by the following: For N
nodes, sample for each noden a value x as x Uniform(0; 1) and sample edges between
nodesn; and n; by sampling from Bern( ( Xg;Xn)) where is dened as a piece wise con-
stant function, made up of k? pieces of equal size. The value of is then determined by
8xg 2 [(Ii 1) %;i %] 8xn2[(j 1) };j %]: ( Xi;Xj) = Pjj. When Py is the probability
distribution mentioned in the stochastic block model, this graphon model becomes equivalent
to the stochastic block model. The stochastic block model as a special case of the graphon
model can be used to approximate the graphon (Airoldi, Costa, & Chan, 2013; Latouche &
Robin, 2016; Pensky, 2019; Peng & Zhou, 2022). This further shows the strong connection of
these two models. This strong connection between the graphon model and the stochastic block
model, which has already been successfully used in connectomics, indicates that the graphon
model might similarly be useful to model networks in connectomics.

2.5 Gaussian Processes

In the eld of statistical modelling, there has been a continuous e ort to model functions in

a systematic, theory-driven way. On the one hand, statistical models should be as simple as
possible, such that they remain tractable for quick calculations. On the other hand, they should
also allow for enough complexity to grasp the intricacies of the phenomenon underlying the data.
For this reason, Bayesian nonparametric models have seen rising interest, as they combine
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multiple nice properties. Their model complexity expressed by the amount of parameters in
the model grows with the available data, while giving guarantees on over and under tting
to the data. One of the most prominent approaches in Bayesian nonparametric modelling is
the Gaussian process model. As with all Bayesian models, we are interested in learning the
posterior distribution given the likelihood and the prior distribution like this:

likelihood prior
marginal likelihood

posterior = (2.1)

In the context of the graphon model, the posterior is comprised of the joint distribution
over the function and the latent variables U forming the input to . The likelihood is the
probability of the data X given a model and the prior describes the prior probability on the
function and the latent variables U. Thus formula 2.1 becomes:

p(Xj ;U) p( ;V)
(2.2)
p(X)
To understand the Gaussian process model approach, one needs to take a close look at a few

di erent components of the model. The most interesting parts are the Gaussian process prior
and its hyperparameters.

p( ;UjX)=

2.5.1 Gaussian Process Prior

The most succinct de nition of a Gaussian process prior is that it's a \collection of random vari-
ables, any nite number of which have a joint Gaussian distribution" (Rasmussen & Williams,
2005, p. 13). The joint distribution is de ned by the mean function m(x) and the covariance
matrix K(x;x), where k is a kernel function (also called covariance function) that returns a
covariance matrix and x refers to the set of points at which we evaluate the Gaussian process.
Following this de nition, it is possible to use Gaussian processes to put a prior on functions,
by choosing appropriate mean and kernel functions. In many applications, a mean of zero can
be assumed, which simpli es the calculations that need to be made. Furthermore, the squared
exponential kernel (also called Gaussian kernel or radial basis function kernel) is commonly used
as the kernel function. This is because it encourages smooth functions and has few parameters,
namely the length scale’ and the signal variance 2, which is sometimes referred to as output
variance or scale factor. This kernel function can be written like this:

(x_ x9?

k( %75xx) = Zexp 52

The parameters 2 and * are usually omitted from the function signature, like so:

(x_ x9?

k(x;x9)= 2exp 52

2.5.2 Hyperparameters

The parameters 2 and * of the function k are also called hyperparameters, as they de ne the
function which de nes the parameters of the prior for .

12



2.5.3 Inference in Gaussian Process Models

In the context of Bayesian models, of which Gaussian processes are a speci ¢ case, inference
is the process of updating the prior distribution with data to arrive at the posterior distribution.

In Gaussian processes, the prior also includes hyperparameters, which are thus an important
part in model inference. These hyperparameters can either be optimised for, resulting in a point
estimate of them, or they can be integrated out numerically using MCMC techniques.

Optimising

Optimising the hyperparameters is usually done by choosing the hyperparameters that max-
imise the marginal likelihood, as this procedure minimises over and under tting to the data.
Furthermore, using the marginal likelihood as a loss function allows for the usage of gradient
descent to optimise the hyperparameters. Since this method yields a single set of hyperparam-
eters, there is no guarantee on whether the results are a global or a local maximum. However,
optimisation requires computational resources compared to MCMC methods.

MCMC

MCMC methods can sample from the posterior distribution directly, which means that in-
stead of optimising point estimates of the hyperparameters, the full joint posterior distribution,
including hyperparameters is estimated (Quinonero-Candela & Rasmussen, 2005; Nickisch &
Rasmussen, 2008). The main drawback to MCMC based methods is however that many samples
need to be drawn, which is usually a compute intensive task. Furthermore, the samples drawn
from the posterior distribution via MCMC are only guaranteed to converge to the true posterior
after an in nite amount of samples are drawn. Stopping the MCMC chain early thus needs to
be justi ed by showing convergence of the samples drawn from the chain.

In the context of graphs, the data consists of binary information relating to the existence
of edges for a given node pair. This means that the likelihood does not have a Gaussian form,
which together with the Gaussian prior implies that there is no closed form solution for the
marginal likelihood. This in turn makes the use of approximation techniques such as MCMC
mandatory.

2.6 Random Function Model

Lloyd et al. (2012) have created the Random Function Model (RFM), a Bayesian nonparametric
model that estimates the graphon for a given graph. This approach is highly promising as

it makes use of the advantages of fully Bayesian Gaussian processes and closely follows the
mathematical de nition of the graphon.

2.6.1 Model De nition

As a Bayesian model, the RFM performs inference on the posterior distribution using Bayes
rule as de ned in 2.2. The RFM estimates the graphon function from a dataset of a graph,
using a Gaussian process prior.

13



Prior

The prior of the RFM consists of a set of latent variablesU, hyperparameters = 7; ;s and
kernel function k(x;x9. As mentioned earlier, in a graphon model, every node of a network
has a latent variable assigned. In this case, the set) consists of all latent variables for the
nodes in a graph of sizen. Thus, U is sampled asU = U;z; Uy;:::;; U, Uniform(0; 1). The three
hyperparameters that de ne the exact kernel function are sampled from log normal distributions
as follows:~ Lognormal(Z; 0:5), Lognormal(0:1;0:5) and s Lognormal(2; 0:5). refers
to the complete set of hyperparameters like this: = f; ;s g. Finally the kernel function is
de ned building upon the well known squared exponential kernel, applying it once on the input
and again on the mirrored input, to enforce symmetry. As the graphon function is de ned on
edges (pairs of nodes), the kernel function of the rfm model is de ned on pairs of edges, as it
determines the strength of the in uence that a single point (an edge) in the graphon function
has on another point (another edge). Following the authors of the RFM, a single edge is de ned

as ij = usy = (UijY;), whereas the set of all edges is dened as = f j;j8i;j 2 Ug. A
ipped edge is noted using a bar above, thus if ij = (U;;U;) then i = (Uj;U;). The kernel
function is then given by
- 2
sek (j; gn) = SZ@XD(J ! > el )

K Citgn) = Hsek (47 gn)+ ek (5 gn)
k (; 9=(8ij2 :8gn2 %k (jj; gn))+ 2

In the above formulas,sek ( jj; gn) is the squared exponential kernel, wherea& ( jj; gn)
appliessek on the input and the mirrored input, nally k (; 9 is a function that takes sets
of edges as parameters and applids to all possible pairs of edges. This last de nition of the
kernel function results in a matrix of the following form:

2
k (1; 1)+ 2 K (1 n)

K (n; 1) k(n;n)+2
The previously mentioned components of the prior are subsumed in the notation:

GP(0;k )

Likelihood

The observed graph dataX comes in the form of the symmetric binary adjacency matrix of a
graph of rank n, wheren is the amount of nodes in the graph. Thus the observed edge between
node n; and n; is de ned to be Xj; = Xji. Note that X denotes observed graphs, whereas
denotes samples from the RFM. Given that the data is binary, as it represents the presence of an
edge in a graph, the probability of a single edge existing is de ned by a Bernoulli distribution.
Furthermore, the RFM approximates the graphon function as unbounded, which implies that
the estimate of the graphon function can't directly be used as a probability. To circumvent this
issue, a link function (w) is used that transforms the unbounded values of the graphon function
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to the space of real numbers between 0 and 1. The speci c link function in the RFM is the logistic

function, which is de ned as (w) = . Thus the probability of a certain edge Xj;

l+exp( w)
in the observed graph existing according to the RFM isp(Xi; j ;U;)=Bern(  (( Ui;Y;))).
The complete model likelihood is the product of the p(s)balaity of all single observations given
the model, thus it can be written asp(X j ; ;U)= ~1, J-”ZO p(Xij j ;U)).

2.6.2 Full Model

The full Bayesian theorem of the model can now be written as follows:

pXj ; ;Wp( ; ;U)

; SUjX)= 2.3
p( 1 X) o0X) (2.3)
The full de nition of the model prior is then given by the following:
Lognormal(1; 0:5) (2.4)
Lognormal(0:1; 0:5) (2.5)
s Lognormal(2; 0:5) (2.6)
= f;sg (2.7)
U= U;; Uy Uy Uniform(0; 1) (2.8)
i = usy = (UisYp) (2.9)
=f ijj8i;j 2 Ug (2.10)
- 2
sek (jj; gh) = szexp(J ! > ghl” (2.11)
1
K (; gn)= é(sek (ij5 gn)*+ sek (j; gn) (2.12)
k (; 9=(8§2 :8gn2 %Kk (jj; gn)+ 2l (2.13)
GP(O;k ) (2.14)
The full likelihood de nition is given by:
(UsY)=( i) (2.15)
p(Xijj ( Ui;U)) = BernoulliC  (( Ui; Uy))) (2.16)
- Y] Y] -
p(Xj) = p(Xij J ( UisUp)) (2.17)
i=0 =0

Approximations
A few changes to the above model help to make it more tractable and easier to implement on
current hardware.

First, U is sampled from a normal distribution, which changes the parameters of from real
numbers between 0 and 1 toR2. This needs to be taken into account when sampling from the
model, but has no further implications on the underlying graphon theory.
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Second, since the complexity of the Gaussian process calculations is cubic in the size of the
set of observed edges, the authors made use of the subset of regressors approximation technique
(Quinonero-Candela, Rasmussen, & Williams, 2007). In this technique, we approximate the
evaluation of by introducing a set of pseudo points  of sizem that summarise the data.

The above approximations only in uence the model prior, which is now de ned as follows:

Lognormal(1; 0:5) (2.18)

Lognormal(0:1; 0:5) (2.19)

s Lognormal(2; 0:5) (2.20)

= {5 sg (2.21)

U= U Uz Uy N (0;10) (2.22)
ij =(Ui;Y;) (2.23)

=f8i;) 2U: 0 (2.24)

= 15 2% m N (Olm) (2.25)
k (11 2)=¢° exp(le\zﬂz) (2.26)

K (1 2= 5K (1 2+ Kk (1 )+ 2 (2.27)

T N Ok (; ) (2.28)

= k(s )k ()T (2.29)

Adding the additional parameters to the Bayesian theorem in equation 2.3 yields equation 2.30.

pxXj 5 T U )pC 5 T U )

;T U jX) = 2.30
p( j X) o(X) (2.30)
2.6.3 Implementation

Given that we try to infer the posterior distribution P( ; ;T;U; | X), we would need to

calculate the likelihood, the prior and the marginal probability. However, since the likelihood is
not Gaussian, we cannot calculate the posterior analytically, as we would have to integrate over
all possible prior values, which is intractable. To circumvent this, a Markov Chain Monte Carlo
approach is used to directly sample from the posterior distribution. This is done using elliptical
slice sampling (Murray & Adams, 2010) for the random variable T, while slice sampling (Neal,
2003) is used for all other random variables. The original MATLAB implementation ! is still
available. A reimplementation? in Python was created for this work, which is available as well.

 https://jamesrobertlloyd.com/assets/BasicRFM.tar.gz
2https:/lgithub.com/adiehl96/master/tree/main/pyrfm
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Chapter 3

Methods

To investigate the guiding research question a number of experiments are presented in this
chapter.

3.1 Data

The RFM is being investigated using two dataset originating from brain scans of healthy young
adults.

3.1.1 Human Connectome Project

The human connectome project (HCP). This dataset consists of 100 di usion MRI measure-
ments of 100 unrelated subjects between the ages of 25 and 35 (Van Essen et al., 2012). The
data was preprocessed using the method described by Amico and Goi (2018), resulting in struc-
tural connectivity graphs of rank 164, using Destrieux parcellation (Destrieux, Fischl, Dale, &
Halgren, 2010). This data was further processed from weighted matrices to binary matrices
using consistency thresholding (Roberts et al., 2017). The nal result of these preprocessing
steps are simple, symmetric, binary graphs, with an edge density of approximately 20%.

3.1.2 MICA-MICs

Royer et al. (2021) provide a dataset of di usion MRI data for 50 healthy young adults. Next
to the raw measurements, this dataset also contains processed structural connectivity graphs
for di erent parcellations. These connectivity graphs are further processed, similar to how the
HCP is processed, using consistency thresholding to derive a simple, symmetric, binary graphs
with a density of 20%. The graph property values before and after thresholding As is evidenced
by the low standard deviations, the networks are highly homogeneous.

3.2 Experiments

In order to test the usefulness of the graphon estimation approach to connectomics, several
experiments were conducted. In addition to the experiments described here, convergence and
ablation tests can be found in the appendix.
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Table 3.1: Graph properties for the MICA-MICs dataset and for the MICA-MICs dataset after
consistency thresholding.

MICA-MICs Consistency Thresholded MICA-MICs

Density 0.970 0.017 | 0.200 0.000
Transitivity 0.989 0.013 | 0.019 0.015
Local E ciency N.a. N.a. 0.756 0.000
Global E ciency 0.959 0.009 | 0.556 0.000

Degree Assortativity Coe cient | -0.025 0.007 | -0.039 0.001
Average Clustering Coe cient 0.972 0.012 | 0.541 0.001

3.2.1 Graphon Recovery

According to the research question, the modelling ability of the RFM is investigated. Modelling
here refers to the estimation of the graphon function for a given graph. Since the graphon
of brain networks is not known a priori, in this rst experiment, a graph sampled from a
prede ned graphon will be used to train the RFM. For this experiment, three types of graphon
functions will be used, namely a bipartite graphon, a scale free graphon and a community
graphon. A bipartite graphon produces graphs that consist of two groups of nodes, which have
no connections within their group, while being fully connected to the nodes in the other group.
The scale free graphon refers to a graphon that produces graphs in which the degree frequency
diminishes exponentially as the degree grows. The exact formula for this graphon was taken
from Latouche and Robin (2016). Finally, the community graphon is a graphon which produces
graphs that exhibits highly connected clusters of nodes connected by relatively few nodes. All
three of these graphon functions are visualised in the gures 4.1, 4.2 and 4.3 respectively. The
estimated graphon is rst visually compared to the prede ned graphon, and subsequently graphs
are sampled from the estimated and the prede ned graphon and compared using several graph
metrics. The graph metrics that are used are chosen for their relevance in connectomics, as
well as for their sensitivity to the three prede ned graphons used in this experiment. The exact
graph properties used are the following:

1. Graph Density (Rubinov & Sporns, 2010; Farahani et al., 2019)

2. Transitivity (Rubinov & Sporns, 2010; Ingalhalikar et al., 2014)

3. Local E ciency (Rubinov & Sporns, 2010; Betzel, 2022)

4. Global E ciency (Rubinov & Sporns, 2010; Betzel, 2022)

5. Degree Assortativity Coe cient (Rubinov & Sporns, 2010; Lim et al., 2019)
6. Average Clustering Coe cient(Rubinov & Sporns, 2010; Vecchio et al., 2017)

This experiment shows, how closely the estimated graphon functions resemble the actual graphons
that produced the graphs.

3.2.2 Single Subject Link Prediction Comparison

In this experiment, the graph of an individual subject will be partitioned into a training set

and a test set. After training on the training set, the method will predict the test set. The
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prediction and the ground truth will be used to calculate the area under the curve of the receiver
operator characteristic (AUROC). A comparison is made with widely used but closely related
models. That is on the one hand the Eigenmodel by Ho (2007) and on the other missSBM by
Barbillon, Chiquet, and Tabouy (2022). These models are both latent variable random graph
models which are generalised by the random dot graph (Matias & Robin, 2014) which in turn is
generalised by the graphon (Avella-Medina et al., 2020). Thus, this experiment shows whether
the link prediction performance is greater than in models generalised by the graphon, which
directly answers the main research question of this thesis, at least in relation to link prediction.

3.2.3 Connectome Sample Quality

Connectomics has long used graph properties to show statistical deviation from the brains of
healthy adults. As mentioned previously, transitivity is one such graph property that has been
found to correlate with creativity, but also with disorder severity for disorders of consciousness.
Using graph properties such as transitivity are thus known to be relevant for the structure of the
human structural connectome. It is therefore important that network models in connectomics
are sensitive to these graph properties in order to model biologically plausible graphs. To test
whether the RFM is sensitive to graph properties that are important to connectomics, a number
of such properties will be computed for the MICA-MICs dataset and subsequently computed
again for graphs sampled from the RFM. If the RFM is well suited to model connectomics data,
the expectation is that the graph properties will be similar between the MicaMics dataset and
the sampled graphs. This experiment is directly linked to assessing the main research question
in so far as the RFM model captures the graph structure of the human connectome. The same
graph properties are used as during experiment 3.2.1

3.2.4 Graphon Based Graph Comparison

As mentioned earlier, connectomics makes use of graph measures, such as transitivity. How-
ever, a recurring problem with using graph measures to compare graphs in the connectomics
domain is that most graph measures are sensitive to the size of the network (van Wijk, Stam, &
Da ertshofer, 2010). In combination with the fact that the graph size of connectivity matrices

in connectomics depends on the parcellation choice, this sensitivity to graph size limits the
applicability most graph measures. The graphon o ers a potential solution to this problem, as

it produces graphs with the same properties at any scale. Given two graphg51 and G2 that
represent the same network at di erent scales respectively at size and sizem with n<<m .
Let GE1 and GE2 be the graphon estimates ofG1 and G2 respectively. Assume that the
graphon estimates model their observed graph well in terms of relevant graph properties. Then
the graph properties for graphs sampled from graphon estimat&E 1 at sizel should be close to
the graph properties for graphs sampled fromGE 2 at sizel. If the di erence indicated by the
graph properties for the sampled graphs is smaller compared to the di erence indicated by the
graph properties of the observed graphs, then using the graphon as an intermediate step solves
the issue of comparing graphs of di ering sizes. For this experiment, MicaMics datasets will be
used, as the authors provide parcellated structural connectivity data with di erent amounts of
regions of interest for the same individual. It is therefore given that the connectivity networks
describe the underlying structure at di erent resolutions, making it ideal for this experiment.
For this experiment, two simple symmetric binary graphs of di erent sizes per subject will be
used to learn a graphon. The parcellation selected is that de ned by de Wael et al. (2020), as
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it is available at a size of 100 and 200. Both graphons will be used to sample graphs of size
150, as this graph size is equidistant from either graph size. The graph measures mentioned in
experiment 3.2.3 will be applied to the observed graphs and to the sampled graphs. The mean
and standard deviation of these graph properties for sampled graphs from both graphons as well
as the graph properties from the observed graphs will subsequently be compared. Finally the
distance of these quantities will be computed. If this distance is smaller for the sampled graphs
compared to the observed graphs, the graphon is a useful tool comparing graphs of di erent
sizes. This experiment concerns the second hypothesis as written in section 1.4.1, as it addresses
the question of whether the graphon can help to compare graphs of di erent sizes.

3.2.5 Visualisation

The visualisation of the graphon function reveals certain patterns at a glance according to Lloyd
et al. (2012). The authors mention that stochastic equivalence is visible as block structure
in the adjacency matrix, when the nodes are sorted according to their latent positionsU as
estimated by the RFM. Furthermore, the authors mention that concentration of edges along
the diagonal indicates homophily, which represents the a nity of nodes to connect to similar
nodes, where similarity refers to a short distance between nodes in the latent space of the
graphon. These concepts can usually not be expressed in a single number, as these are not well
de ned concepts in network science. Nevertheless, visualisation of the graphon function and the
ordered adjacency matrix might still be valuable, if it can reveal certain graph properties at a
glance. If the graphon estimated by the RFM is stable after successive estimation procedures,
this would point to a unique ordering of the nodes for every graph, something that is not usually
available for networks.
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Chapter 4

Results

4.1 Graphon Recovery
4.1.1 Bipartite Graph

Figure 4.1: From left to right: a bipartite graphon, a graph sampled from the bipartite graphon
and the maximum a posteriori estimate of the graphon function by the RFM.

Table 4.1: Mean Standard Deviation values for graph measures applied to sampled graphs
from the prede ned graphon (left column) and the estimated graphon (right column)

Prede ned Graphon Estimated Graphon
Density 0.503 0.075 0.494 0.012
Transitivity 0.0 0.0 0.019 0.015
Local E ciency 0.0 0.0 0.064 0.046
Global E ciency 0.750 0.055 0.746 0.006
Degree Assortativity Coe cient | N.a. N.a. -0.782 0.250
Average Clustering Coe cient 0.0 0.0 0.021 0.017
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4.1.2 Scale Free Graphon

Figure 4.2: From left to right: a scale free graphon function, a graph sampled from the scale
free graphon and the maximum a posteriori estimate of the graphon function by the RFM.

Table 4.2: Mean Standard Deviation values for graph measures applied to sampled graphs
from the prede ned graphon (left column) and the estimated graphon (right column)

Prede ned Graphon Estimated Graphon
Density 0.051 0.043 0.042 0.012
Transitivity 0.051 0.176 0.110 0.048
Local E ciency 0.023 0.078 0.083 0.061
Global E ciency 0.069 0.074 0.173 0.058
Degree Assortativity Coe cient | N.a. N.a. -0.152 0.139
Average Clustering Coe cient 0.023 0.076 0.073 0.050

4.1.3 Community Graphon

Figure 4.3. From left to right: a community graphon function, a graph sampled from the
community graphon and the maximum a posteriori estimate of the graphon function by the
RFM.
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Table 4.3: Mean Standard Deviation values for graph measures applied to sampled graphs
from the prede ned graphon (left column) and the estimated graphon (right column)

Prede ned Graphon Estimated Graphon
Density 0.338 0.072 0.397 0.021
Transitivity 0.981 0.056 0.779 0.033
Local E ciency 0.854 0.113 0.898 0.015
Global E ciency 0.350 0.084 0.660 0.017
Degree Assortativity Coe cient | N.a. N.a. 0.422 0.154
Average Clustering Coe cient 0.854 0.114 0.805 0.029

The above results show that the RFM can reliably learn connectomes. The visualisations show
that the form of the prede ned graphon functions was well estimated. For the community
graphon however, the mean value for transitivity and global e ciency do not lie within the
standard deviation of the mean of the graphs sampled from the prede ned graphon. This
indicates a mismatch of the estimated graphon with the actual graphon, which might be visible
as a smaller middle structure in the graphon visualisation in gure 4.3.

4.2 Single Subject Link Prediction Comparison

Table 4.4: Area under the receiver operator characteristic (AUROC) values for the RFM model
on the MicaMics dataset.

RFM missSBM eigenmodel
MicaMics | 0.88 0.004| 0.855 0.0 | 0.854 0.001

The results of the single link prediction showed as expected that the RFM improves upon mod-
els that it generalises, such as the missSBM and the eigenmodel. It is noteworthy however,
that the standard deviation of AUROC values is small. This is most likely due to the thresh-
olded tractograms becoming very similar, as they have been downsampled using consistency
thresholding.
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4.3 Connectome Sample Quality

Figure 4.4: The thresholded graph of a subject from the HCP data (left) and a graph sampled

from the mean posterior graphon function (right).

Table 4.5: Graph properties for the MICA-MICs dataset after thresholding and average graph

properties for graphs sampled from graphon estimates based on the MICA-MICs dataset.

Thresholded MICA-MICs Sampled Graphs
Density 0.200 0.000 0.091 0.0187
Transitivity 0.019 0.015 0.318 0.094
Local E ciency 0.756 0.000 0.494 0.146
Global E ciency 0.556 0.000 0.437 0.085
Degree Assortativity Coe cient | -0.039 0.001 -0.093 0.325
Average Clustering Coe cient 0.541 0.001 0.352 0.112

4.4 Graphon Based Graph Comparison

Table 4.6: Graph attributes for the original subject graph and averaged for samples from the

RFM model tted to the subject graph.

Desikan & Killiany 100 Vos de Wael 200 | Distance
Graph Density 0.200 0.200 0.000
Transitivity 0.448 0.438 0.010
Local E ciency 0.756 0.746 0.010
Global E ciency 0.557 0.575 0.018
Degree Assortativity Coe . | -0.039 -0.026 0.013
Average Clustering Coe . | 0.542 0.513 0.029
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