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Abstract
Structural Equation Models (SEMs) are widely used in observational studies
in fields like econometrics, psychology, and education research. A crucial
step in SE modeling is to fit the model to the data. This is most commonly
done using the Maximum Likelihood (ML) estimator, which is an iterative,
global estimator that fits all model parameters simultaneously. This can
sometimes lead to practical issues in terms of computational costs, and
non-convergence when the model is not identifiable. In cases when some
parts of the model are misspecified, global estimation propagates the bias
to other parts of the model. Instrumental Variable (IV) estimation is a
non-iterative, local technique that addresses these practical issues of ML. But
to estimate any parameter using the IV estimator, IVs need to be identified
for it. Previously, algebraic algorithms have been proposed to find Model
Implied Instrumental Variables (MIIVs) from the model structure but these
are restricted to models of a certain form and are computationally inefficient.
In the field of Causal Bayesian Networks, graphical criteria for identifying
IVs have been proposed. Here, we show how graphical IV criteria can
be leveraged to identify MIIVs. This approach is computationally more
efficient and finds more IVs by extending the search to conditional IVs, which
allows us to (1) identify models much faster than before, rendering the
MIIV approach feasible for much larger models; (2) identify more models
than the algebraic MIIV approach; and (3) identify parameters with higher
precision. Our method is implemented in the pgmpy package in python.
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Introduction

Many research questions in empirical fields such a health, social and behavioral sciences
are not associational, but causal in nature. Causal inference is the process of drawing a
conclusion about a causal connection based on observational data and domain knowledge
about the underlying data-generating process. Two of the most commonly used frameworks
for causal inference are Causal Bayesian Networks (BN) [4] and Structural Equation Models
(SEM) [14].
Although both Causal BN and SEM come from very different fields of Computer Science [13]
[15] and Social Sciences [19] respectively, they share many common concepts. For example,
the concept of d-separation which is central to many inference problems in the BN framework
is closely related to Wright’s path tracing rules that underlie the SEM framework. In general,
however, algorithms in the SEM framework tend to be based on algebraic concepts whereas
Preprint. Under review.

BN algorithms are often based on graph theoretical concepts. This opens up an opportunity
to transfer techniques between both the fields, for the benefit of both. For example, a recent
paper discusses how model testing approaches developed for BNs can be applied to SEMs
[16].
A key step in structural equation modeling is fitting a model to a dataset, i.e., to learn the model
parameters given a dataset over the observed variables and the model structure. The most
prevalent method for fitting is the Maximum Likelihood (ML) estimator which minimizes
the negative log-likelihood of the data given the model. But this global optimization strategy
has some drawbacks in practice like non-convergence [8] and biased estimates when the
model is misspecified [7]. Instrumental Variable (IV) estimators, on the other hand, are a
local non-iterative technique which are more robust to structural misspecifications, have
over-identification tests available for individual parameters, are asymptotically distributionfree, and can be used to estimate any subset of the model equations [2]. Additionally, IV
estimates can often provide good starting values for iterative estimators [10].
One of the prerequisites to use the IV estimator for any parameter is to find IVs for it. For
any parameter in the model, an observed variable in the model qualifies as an IV if it is
uncorrelated to the dependent variable’s error term and is correlated to the predictor variable.
Previously, an algebraic algorithm [5] for finding Model-Implied Instrumental Variables
(MIIVs) in models that can be decomposed into separate structural and measurement parts
(so-called LISREL models) have been proposed. MIIVs are observed variables in the model
which satisfy the conditions for being an IV. In the case of BN, graphical criteria for finding
MIIVs as well as conditional MIIVs [9] have been proposed. Conditional MIIVs are observed
variables in the model which satisfy the conditions for being an IV when conditioned on
some other observed variables (known as the conditioning set) in the model. In this paper, a
graphical interpretation of the algebraic algorithm is presented. Based on this graphical
interpretation, a novel graphical transformation algorithm for SEMs is proposed which
allows the graphical criteria for MIIV and Conditional MIIV to be applicable in the case of
SEMs. The graphical transformation and criterion work on all possible model structures
without any restrictions. The identification of conditional IVs in the model allows more
model parameters to be estimable. Even for parameters having IVs, identifying additional
conditional IVs helps in reducing the variance of the estimate. Also, since the graphical
criterion works directly on the graphical structure as compared to iterating over parameter
matrices in the case of the algebraic algorithm, it is computationally more efficient allowing
researchers to work with much larger models.

2

Background

In this section, we give a short introduction to SEMs and its different representations which
are used in this paper. We also show how Instrumental Variable Estimation works in SEMs
and introduce the two currently used methods for finding MIIVs which are the 1) algebraic
algorithm and the 2) graphical criteria.
2.1

Structural Equation Models

Structural Equation Models (SEMs) express causal relationships using deterministic, functional equations, and probabilities are introduced through the assumption that certain
variables in the equations are unobserved. Classical SEMs assume that all variables are
normally distributed; therefore, each variable can be parameterized by its mean and its
variance. Moreover, SEMs often focus on the covariances between the variables only and do
not explicitly represent the means; either, the data is centered to zero mean before modelling,
or the means are separately stored in a mean vector. Although many extensions to SEMs for
non-normal data have also been developed, in this paper, we will focus on the classical case
of linear-Gaussian SEMs.
An example of a SEM is shown in Fig. 1 in its equation form along with its equivalent
graphical representation. Over the years a lot of different representations for Linear SEMs
have been proposed with each of them having certain benefits and drawbacks over the
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Figure 1: An example of a SEM with a latent variable ξ and 3 observed variables x1 , x2 , and
x3 . ζξ , δ1 , δ2 , and δ3 are the error terms of ξ, x1 , x2 , and x3 respectively. There is a direct
causal effect from ξ to each of the observed variables. (a) A graphical representation (also
known as path diagram), and (b) Model in equation form.
others. In the following subsections, three different representations are presented which are
relevant to this paper.
2.1.1

LISREL Notation

The LISREL notation [11] [3] is one of the most commonly used representation in SEM
literature and was introduced in the LISREL software. The LISREL notation represents the
model using structural equations but imposes some restrictions on relations between the
variables.
The LISREL notation makes the assumption that the models have an internal latent variable
structure and each of these latent variables has observed measurement (also known as
indicator) variables. This assumption allows the notation to split the model into two sets of
equations, namely the latent model (or structural model), and the measurement model. The
latent model represents the relation between the latent variables in the model whereas the
measurement model represents the relation between the measurement variables and the
latent variables. The LISREL notation also categorizes the latent variables into endogenous
and exogenous variables. The latent variables which do not have a direct influence from
any other latent variables in the model are known as exogenous latent variables. The
endogenous variables, on the other hand, have direct influence from other latent variables.
In path diagram notation, latent exogenous variables only have outgoing edges whereas
endogenous latent variables have at least one incoming edge as well.
Without loss of generality assuming the model to be standardized such that each observed
variable has 0 mean and variance 1, the LISREL model is given as:
Latent Model:
η = Bη + Γξ + ζ
Measurement Model:
y = ∧y η + 
x = ∧x ξ + δ

(1)

where η is the vector of endogenous latent variables, ξ is the vector of exogenous latent variables
and, y and x are the vectors of observed variables and are the measurement variables for η
and ξ respectively. ζ, , δ are vectors of the error terms associated with the variables η, y, x
respectively. Apart from the parameter matrices shown in the equations (i.e B, Γ, ∧ y , and
∧x ), 4 covariance matrices are also required to fully parameterize the model. The matrices
are given as Φ, Ψ, Θδ , Θ and represent the error covariances of η, ξ, x, and y respectively.
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Because of the assumption of an internal latent structure and distinguishing between the
endogenous and exogenous latent variables, the LISREL notation implies some restrictions
on the model structure. Since the observed variables can only be used as a measurement
variable, a direct relationship between two observed variables or an observed variable
having a direct causal effect on a latent variable cannot be represented using this notation.
Also, any correlation between ζ, , and δ cannot be represented.
Example: The example of Fig. 1 can be represented in the LISREL notation with the
following variable vectors (left-hand side) and parameter matrices (right-hand side):
η = []
ξ = [ξ]
y = []
 
x1 
x = x2 
x3
 
δ1 
δ = δ2 
δ3
, ζ = []

B = []
Γ = []
∧y = []
 
∧x1 
∧x = ∧x2 
∧x3
Φ, Θ = []
Ψ = [Var(ζξ )]
Θδ = Diag ([Var(δ1 ), Var(δ2 ), Var(δ3 )])

(2)

The goal of any SEM estimation algorithm, such as ML, is to find values for the entries of
the matrices in the right-hand side that provide the highest value for a certain likelihood
function, which we will define later.
2.1.2

Reticular Action Model (RAM) Notation

RAM [12] notation also uses structural equations for representing the model but unlike
LISREL notation, it doesn’t make any assumptions about the model structure and doesn’t
distinguish between latent and observed variables. This leads to a much simpler notation
given as:
v = Av + µ

(3)

where v is a vector of all the random variables (observed and latent) in the model, and µ is
the vector of the error terms. Other than the parameters shown in the equation, a covariance
matrix, Φ of µ is also required to fully parameterize the model.
Since the RAM notation doesn’t imply any restrictions on the model structure, it is the most
generic notation for SEMs and allows for representing any possible model structure.
Example: The example model of Fig. 1 can be represented in the RAM notation with the
following variable vectors and parameter matrices:
 
 ξ 
x 
v = x1 
 2 
x3
 
ζξ 
δ 
µ = δ1 
 2 
δ3
2.1.3



0
0 0
 0
∧x
0
0 0
A =  0 1 ∧
0 0
x2

0
0 ∧x3 0

0
0
Var(ζξ )
 0
Var(δ
)
0
1

Φ =  0
0
Var(δ2 )

0
0
0


0 
0 
0 
Var(δ3 )

(4)

Path Diagram Notation

Apart from the functional representations, SEMs also have an equivalent graphical representation known as causal graph or path diagrams [18] [19]. The path diagram of an SEM is a
graph G = (V, D, B) where V are vertices, D directed edges, and B bi-directed edges. The
4

vertices represent the model variables. Edges represent the direction of causality, and for
each equation vi = Ai v + µi , edges are drawn from v j ∈ v to vi if Ai j , 0. Hence, each edge in
the G has an associated coefficient in the SEM which is known as it’s path coefficient. The
error terms are usually not represented in the graph. However, a bi-directed edge between
two variables indicates that their corresponding error terms are correlated.
Example: The example model shown in 1a is an example of Path Diagram notation. In this
case, the error terms have been explicitly shown in the graph.
2.2

Instrumental Variable Estimation

To apply the IV Estimator, a latent-to-observed transformation [6] is done, i.e., the latent
variables in the model are replaced by observed variables using scaling indicators. A scaling
indicator is a measurement variable of the latent variable with its path coefficient fixed to 1.
For any latent variable model, it is necessary to either determine a scaling indicator or define
the value of the latent variable to be 1, because otherwise the scale of the latent variable
cannot be uniquely determined and the model will not be identified. For example, consider
the equations
y1 = η + 1
x1 = ξ + δ1

(5)

where y1 and x1 are the vectors of scaling indicators of η and ξ respectively. Eq. 5 can be
re-expressed as:
η = y1 − 1
ξ = x1 − δ1

(6)

Replacing η and ξ in Eq. 1 with the values in Eq. 6:
y1 = By1 + Γx1 + 1 − B1 − Γδ1 + ζ
y2 = ∧ y2 y1 − ∧ y2 1 + 2

(7)

x2 = ∧x2 x1 − ∧x2 δ1 + δ2
where y2 and x2 are the vectors of remaining non-scaling measurement variables.
To simplify the notation, a single equation can be selected from 7:
y j = Bj y1 + Γj x1 + u j

(8)

where y j is the jth variable from y1 , Bj is the jth row from B, Γj is the jth row from Γ, and
u j is the jth element from u where u = 1 − B1 − Γδ1 + ζ. To simplify the notation further,
the covariate variables in Eq. 8 can be combined together as:
y j = wj s + u j

(9)

 
B
where wj = Γ j , and s = [y1 , x1 ].
j
Equation 9 now looks like a standard regression equation with slope wj and intercept
u j . Importantly, this equation now only contains observed variables – hence the name
“latent-to-observed transformation”. However, by construction, the error term u j of the
equation is now correlated with the predictor variable s. That means that a standard
least-squares estimator will provide a biased estimate for wj , because it assumes that u j and
s are uncorrelated with each other.
5

The Two-Stage Least Squares (2-SLS) estimator [2] is a commonly used IV estimator, and
it can provide consistent estimates of wj in Eq. 9. But before applying 2-SLS, IVs need to
be identified for the equation. IVs are observed variables in the model which satisfy the
following conditions:
1. The observed variable must not be directly or indirectly influenced by any of the
disturbances in Eq. 9.
2. If the observed variable is endogenous, its disturbance must be uncorrelated with
all of the disturbances in Eq. 9.
3. The observed variable must correlate with the observed variables that they will be
predicting.
Assuming Z to be the set of IVs for Eq. 9, the two stages of the 2-SLS estimator can be
applied as follows:
1. First Stage: The first stage of 2-SLS regresses the covariate variables s on Z which
gives the regression coefficients (say β̂ ) as:
β̂ = (Z T Z)−1 Z T s

(10)

Then the values of s are predicted using β̂ as:
ŝ = Z β̂ = Z(Z T Z)−1 Z T s = PZ s

(11)

2. Second Stage: The second stage regresses the predictor variable (y j ) on the predicted
values (ŝ) from the first stage. This gives the estimates for wj as:
w j2−SLS = (sT PZ s)−1 sT PZ y j

(12)

In the next subsections, we describe two methods to find these MIIVs from the model
structure.
2.3

Algebraic Algorithm for Finding MIIVs

The latent-to-observed transformation leads to composite error terms being formed as
shown in Eq. 7. These composite error terms are important for finding MIIVs as one of the
conditions for a variable to be an IV is to be uncorrelated with the error terms. The algebraic
algorithm uses these equations to find such observed variables. The algorithm [5] works in
the following four steps:
1. The first step is to identify the error terms involved in each of the equations. Using
Eq. 7, the error terms involved for each equation can be identified by looking for
non-zero elements in the corresponding parameter matrix.
2. The second step is to identify non-zero effects of error terms on each observed
variable. The total effect of each error term on the observed variables is given as [1]:
y = ∧y (I − B)−1 Γξ + ∧y (I − B)−1 ζ + 
x = ∧x ξ + δ

(13)

Using Eq. 13, the non-zero effects of each error term on the observed variables can
be identified by looking for non-zero values in the corresponding matrices.
A point to note here is that since the parameters haven’t been estimated yet, we
don’t have access to the actual values of the parameters, so computing the effects
in Eq. 13 would be impossible. To deal with this problem, a workaround is to
use boolean matrices with 1’s for non-zero values of parameters (i.e 1 if there is an
edge in the path diagram else 0), and 0 otherwise. This approach works because
we are only interested in knowing if there is an effect or not and don’t care about
the strength of the effect. But in some specific cases, this might give wrong results
when some value vanishes when computing the effect in Eq. 13 for actual parameter
values but doesn’t for boolean matrices or vice versa.
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Figure 2: Examples for d-separation. (a) X1 is d-separated from X3 for Z = {X2 }. (b) X1 is
d-separated from X3 for Z = {} as there is a collider structure at X2 .
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Figure 3: Examples for graphical criteria. The parameter X → Y is being estimated in both
the examples. (a) I1 is an IV as it is d-connected to X and d-separated from Y (because of
collider structure on X) in Gc . (b) I2 |W is a conditional IV as I2 is d-connected to X, and
one of the paths from I2 to Y is blocked because of conditioning on W, and the other path
because of collider structure on X in Gc .
3. The third step is to start with all the observed variables in the model as potential
IVs for each variable in the model. From this potential IVs list, any variable which
has a non-zero effect from the error terms that are also involved in the composite
error is removed.
4. In the final step variables which have a correlation with any of the variables that
were removed in the last step are also removed. This gives the final set of potential
IVs for each of the observed variables in the model.
A point to note about the algebraic algorithm is that it only gives the set of variables which
satisfy the first two conditions for a variable to be an IV. The third condition for correlation
still needs to be separately checked for each of the variables in the algorithm’s output.
2.4

Graphical Criterion for IVs

Apart from the algebraic criterion for IVs, graphical criteria for IVs have also been defined
in Causal BN literature [9]. The graphical criterion is based on the concept of d-separation
which is also applicable in SEMs through the path diagrams.
d-sepration: Given a model G = (V , E), a set of nodes Z ⊆ V − X, Y is said to d-separate X
from Y in a graph, if Z blocks every path between X and Y. A path p is blocked by a set Z
(possibly empty) if one of the following holds:
1. p contains at least one non-collider that is in Z
2. p contains at least one collider that is outside Z and has no descendant in Z.
where a collider in a path is defined as any set of three consecutive variables with both
incoming edges to the middle variable. An example for d-separation is shown in Fig. 2.
IV Criterion: In terms of d-separation an observed variable, Z ∈ V − X, Y is an IV relative to
a cause X and effect Y if it satisfies the following two conditions in Gc = (V , E − (X, Y)):
1. Z correlates with X.
2. Z is d-separated from Y.
An example for the IV criterion is shown in Fig. 3a.
Conditional IV Criterion: An observed variable, Z ∈ V − X, Y is said to be a conditional IV
relative to X → Y if there exists a set W in Gc = (V , E − (X, Y)) such that:
1. Z correlates with X conditioned on W .
7

2. W d-separates Z and Y in Gc .
3. W consists of non-descendants of Y.
An example for the Conditional IV criterion is shown in Fig. 3b.
The graphical criterion for IVs and Conditional IVs cannot be directly applied to path
diagrams of SEMs with latent variables because of the composite error terms which get
formed as shown in Eq. 7. Hence, the graphical criteria work only when both the X and Y
variables are observed.

3

Graphical Transform

Both the methods for finding MIIVs in the previous section has some limitations. The
algebraic algorithm only works for LISREL models and the graphical criteria work only
for parameters between observed variables. In this section, we first give a graphical
interpretation of the algebraic algorithm. Based on this interpretation, we give a graphical
transformation algorithm which allows the graphical criteria to be valid for all parameters
in all possible model structures.
3.1

Graphical Interpretation of the Algebraic Algorithm

The algebraic algorithm works by first transforming the equation to be estimated in terms of
observed variables using the scaling indicators. This transformation results in composite
error terms being formed in the structural equations. The algorithm then systematically
rejects all the observed variables in the model which correlate with any of the error terms in
the composite error. In graphical terms, this is equivalent to eliminating observed variables
which are d-connected to the error terms in the composite error except if the d-connection
path goes through the covariates of the equation. This is quite similar to the graphical
criterion where the d-separation is checked after removing the parameter edge from the
model, except the d-separation, in this case, is checked for all the composite error terms.
Instead of dealing with the composite error terms individually, the graphical criterion can
be simplified by adding a directed edge from each of the composite error terms to the
dependent variable of the equation, and then removing all the incoming edges from the
covariates of the equation. After this transformation, variables which are d-separated from
the predictor variable are the potential IVs (the correlation with the covariate variable still
needs to be checked). The edges from the covariate variables need to be removed because
the variables which are d-connected only through the covariates can be IVs. With this
transformation, the criterion for IVs in SEMs is the same as in the case of BN.
3.2

Graphical Transform Algorithm in the General Case

Based on the graphical interpretation in the last section, a graphical transformation is
presented for the general model which allows the graphical criteria to be applied in the case
of SEMs. The RAM representation is used here as it is the most generalized representation
without any restrictions on the model structure.
v = Av + µ

(14)

where v is a n × 1 vector of random variables in the model, A is a n × n matrix of the
coefficients and µ is a n × 1 vector of error terms. As the first step, the equation for a single
variable vi ∈ v is written:
vi = Ai v + µi

(15)

where Ai is the i-th row of the matrix A. Splitting v into latent, vl , and observed vo random
variables:
vi = Ail vl + Aio vo + µi
8

(16)

where vl is a l × 1 vector of latent variables in the model, and vo is a o × 1 vector of observed
variables. Similarly, Ail and Aio are 1 × l and 1 × o vectors with the path coefficients for the
latent and observed variables respectively. Since, each of the latent variable in the model has
a scaling indicator, vl in the above equation can be replaced with their scaling indicators,
vs ⊆ vo as:
vs = vl + µ s
vl = vs − µs

(17)

Replacing this value of vl in the previous equation:
vi = Ail (vs − µs ) + Aio vo + µi
vi = Ail vs + Aio vo − Ail µs + µi

(18)

If the variable vi is an observed variable, Eq. 18 represents the structural equations only in
terms of observed variables. But if it is a latent variable, it will also need to be replaced with
it’s scaling indicator which transforms the equation further as:
vsi = Ail vs + Aio vo − Ail µs + µi + µsi

(19)

where vsi is the scaling indicator of vi and µsi is the error term of vsi .
Eq. 18 and Eq. 19 allows for identifying the composite error terms for each of the observed
variable in the model. After this, a similar transformation as presented in the previous section
can be performed to apply the graphical IV criterion. An algorithm for the transformation is
presented in Algorithm 1. The algorithm takes as input the full graphical structure of the
model, the covariate (X) and the predictor (Y) variable for the parameter, and the scaling
indicators for each latent variable in the model. It returns a modified graphical structure
G0 , along with the new covariate (X0 ) and new predictor (Y0 ) variables. An example of
the transformation for the model in Fig. 1 is shown in Fig. 4. Another example of the
transformation for other types of parameters is shown in Fig. 5.
Algorithm 1 Algorithm for the Graphical Transform
function Graphical-transform(G, X, Y, scaling_indicators )
G0 = G
if X ∈ latents then
X0 = scaling_indicators[X]
else
X0 = X
if (X ∈ observed) and (Y ∈ observed) then
Remove X → Y in G0
Y0 = Y
if Y ∈ latents then
Add µY → scaling_indicators[Y] in G0
Y0 = scaling_indicators [Y]
else
Y0 = Y
for z ∈ ParentsG (Y) do
if z is not an error term then
Remove z → Y in G0
if z ∈ latents then
Add Err[ scaling_indicators[z]] → Y0 in G0
return G0 , X0 , Y0
The transformation algorithm along with the graphical criteria can be used to find the IVs
and conditional IVs for any given parameter in the model. This is done by combining the
9

transformation algorithm with efficient algorithms that have been developed to find IVs and
conditional IVs in causal BNs [17]. A full description of these algorithms can be found in
the citation, but a brief explanation is given below in Algorithm 2. This algorithm shows the
pseudocode for the function GET-IVS-AND-CIVS which can be used for finding all the IVs
and conditional IVs for a given parameter X → Y in a given model G. The function starts by
applying the graphical transformation to the model for the given parameter proposed in this
paper, after which it calls the methods for finding IVs and conditional IVs from the literature
[17]. The GET-IVS function iterates over each observed variable in the transformed model
and checks if it satisfies the criterion for being an IV. The GET-CIVS function also iterates
over observed variables in the model and for each of them tries to find a conditioning set for
which the criterion for conditional IV is satisfied [17]. The function GET-IVS-AND-CIVS
returns a list of IVs and conditional IVs along with the new covariate X0 and the new
predictor Y0 . The IVs together with X0 and Y0 can be used to estimate the parameter using
2-SLS as shown in the last section. For applying 2-SLS in the case of conditional IVs, the
conditioning sets of the conditional IVs also needs to be included in the covariates for both
stages of 2-SLS.

Algorithm 2 Algorithm for finding IVs and conditional IVs for a given parameter
function GET-IVS(G, X, Y)
ivs = []
for Z ∈ G − {X, Y} do
if (Z is observed) ∧(Z 6⊥ X) ∧ (Z ⊥ Y) in G then
ivs += Z
return ivs
function NEAREST-SEPARATOR(G, Y, Z)
Let M be a set of observed variables in G
Construct the moralized graph M = (GAn(Y∪Z) )m
(where GAnY∪Z is the ancestral graph of Y ∪ Z)
W = {}
while ∃π = Y, V1 , V2 , . . . , Vk , Z- a path from Y to Z in M
s.t. k ≥ 1, π is blocked by W, and {V1 , . . . , Vk } ∩ M , ∅ do
W = W∪ { First observed node Vi of π }
if Z ⊥ Y|W in G then
return W
else
return ⊥
function GET-CIVS(G, X, Y)
civs = []
for Z ∈ G − {X, Y} do
if Z is observed then
W = NEAREST-SEPARATOR(G, Y, Z)
if (W =⊥) ∨ (W ∩ De(Y) , ∅) ∨ (X ∈ W) then
continue
if (Z 6⊥ X|W) in G then
civs += (Z, W)
return civs
function GET-IVS-AND-CIVS(G, X, Y, scaling_indicators )
G0 , X0 , Y0 = GRAPHICAL-TRANSFORM(G, X, Y, scaling_indicators)
ivs = GET_IVS(G0 , X0 , Y0 )
civs = GET_CIVS(G0 , X0 , Y0 )
return X0 , Y0 , ivs, civs
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scaling indicator for X5 , and X5 is the error term of X5 . The other error terms are not shown
explicitly. (b) Transformed model for the estimating X1 → X5 , with X0 = X1 and Y0 = X7 .
Here X2 and X4 are the IVs and X6 |X3 is a conditional IV.
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Analysis

With the transformation algorithm presented in the last section, it is now possible to apply the
graphical criteria to all edge parameters in all possible models. This allows for identification
of IVs and Conditional IVs for all parameters which should allow more parameters to be
identified. Three empirical analyses were done to quantify the improvements:
1. Percentage of model parameters identified by the single-door criterion [13], IVs,
and conditional IVs.
2. Variance of estimates when only either IV or conditional IV is used, and when both
are used together.
3. Runtime of the algebraic algorithm and the graphical criteria with transformation.
The single-door criterion [13] is included because it finds all cases in which a parameter
is identifiable by one single regression (least-squares). A parameter X → Y can only be
identifiable by single-door when both X and Y are observed variables. In particular, no
parameter can be identified using this criterion in LISREL models.
4.1

Parameter Identification

With the graphical transformation, conditional IVs can be identified in SEMs. This allows
more parameters in the model to be identified as compared to using the single-door criterion
[14] and normal IVs. To quantify the extent of improvement, all three criterion are applied
to the randomly generated models. Random Directed Acyclic Graphs (DAGs) are generated
with each variable having an equal probability of being latent or observed. The number
of edges and correlations in the model are linear in the number of variables in the model.
Rejection sampling is also done to only keep models which are connected. The identifiability
of each parameter in the model is checked using single-door, IVs and Conditional IVs and
the results are shown in Fig. 8a.
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(a)

(b)

Figure 8: Parameter identification with single-door, IVs, and Conditional IVs. (a) Percentage
of parameters identified (with 95% confidence interval) with varying model size. The total
estimable parameters is computed by excluding the sink parameters (parameters involving
a latent variable with no scaling indicator) and scaling indicators in the model. (b) Similar
to (a), but the number of latent variables in the model is varied keeping the total size fixed
to 20. The confidence interval in this case is negligible, therefore not shown in the plot.

A similar analysis is done to understand the existence of Conditional IVs with the number
of latent variables in the model. In this case, the model size is kept fixed and the number of
latent variables is varied in the model. The results are shown in Fig. 8b.
4.2

Parameter Estimation

A problem with the IV method is that when the IVs are weak, the variance of the estimate is
high. We analyzed the variation in the standard error of the estimate with varying strengths
of IV and conditional IV. For this analysis, the model shown in Fig. 9a is used. The parameter
X → Y is being estimated with varying parameters for Z1 → X and Z2 → X. Z1 is an IV for
the parameter and Z2 |W is a conditional IV. The rest of the parameters in the model are fixed
to 1. The results are shown in Fig. 9. The results show that using both IV and conditional IV
always improve the results over using only one of them.
4.3

Algorithm Complexity

In this analysis, both the empirical and analytical complexity of the algebraic algorithm and
the graphical criteria with the transformation were compared. The algebraic algorithm has
an analytical complexity of O(n4 ) where n is the number of total variables in the model. The
graphical criterion, on the other hand, has a complexity of O(m2 ) where m is the number
of edges in the model. Assuming the number of edges to be linear in the number of latent
variables in the model, the analytical complexity of the algebraic algorithm is O(n2 ) where
n is the total number of variables in the model. Fig. 10 shows the run-time of both the
algorithms with varying model sizes. The difference in the analytical and the empirical
complexity is because of the restrictions in the model structure as the algebraic algorithm
can work only on models representable in the LISREL notation. Therefore, the worst case
given by the analytical complexity analysis is not reached.

5

Summary

In this paper, we give a novel transformation algorithm which allows existing graphical
criteria for IVs and conditional IVs to be applicable in SEMs with latent variables. The
algorithm transforms the model structure for the parameter being estimated, after which the
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Figure 9: Standard Error of estimation with varying IV and Conditional IV strength. (a) The
model used for analysis, the parameter X → Y is being estimated while varying Z1 → X
and Z2 → X, keeping all other parameters fixed to 1. Z1 is an IV and Z2 |W is a conditional
IV. (b) Standard Error with varying Z2 → X, keeping Z1 → X = 1. (c) Standard Error with
varying Z1 → X, keeping Z2 → X = 1. (d), (e), and (f) Contour plots for standard error with
varying parameter values, estimation done using only IV (d), only Conditional IV (e), and
using both (f).
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Figure 10: Run-time (log scale with base 2) of the algebraic and the graphical algorithm with
varying number of latent variables in the model (log scale with base 2). The total number of
observed variables, edges and correlations in the model is linear in the number of latent
variables.

graphical criteria can be applied. The transformation, as well as the graphical criteria, is not
limited to any specific model structure, which wasn’t the case with the algebraic method.
The graphical criteria allow conditional IVs to be identified in addition to the normal IVs.
We did empirical analyses showing the improvements in identification and estimation when
using conditional IVs. The empirical analyses were done on randomly generated models
keeping the number of edges linear in the total number of variables. For estimation, we
observe that using conditional IVs can improve the identification in the model as some
parameters might not be identified using the single-door criterion or have normal IVs but
can have conditional IVs. Also, the percentage of such parameters in the model increases
with the model size, hence conditional IVs help more in case of larger models. The other
identification analysis with fixed model size with varying number of latent variables in
the model shows that using conditional IVs help more in models with a larger number of
observed variables compared to the number of latent variables.
In our parameter estimation analysis, we found that using conditional IVs along with the
normal IVs for estimation always helped in reducing the standard error of the estimate. In
cases with weak IVs, having a strong conditional IV can compensate for this to give good
estimates.
The runtime analysis compared the runtime of the algebraic algorithm and the graphical
criteria on randomly generated LISREL models. The graphical criteria have a linear runtime
compared to the quadratic runtime of the algebraic algorithm in the total number of variables
in the model. Hence, for sufficiently large models, the computational complexity of the
algebraic algorithm would become problematic. This is unlikely to be a problem with models
that are constructed by hand, but increasingly graphical structure learning algorithms are
used to obtain model structures automatically from data. Such models can have tens of
15

thousands of nodes [20]. At such scales, a quadratic speedup in runtime would become
very important.
A problem that occurs in the case when there are multiple IVs and conditional IVs is that
some of the IVs influence the covariates of the equation only through other IVs. Another
possibility is that the conditioned variable in the conditional IVs might block some of the
paths for normal IVs. In such cases, the first stage of 2-SLS would involve unnecessary IVs
as covariates. In future, we would like to investigate this problem of optimal selection of
IVs as with the graphical transform we can investigate the paths through which influence
flows in the model.
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Appendix
A

Verification of Graphical Criterion

To verify the graphical transformation algorithm, the results from the algebraic algorithm and the
graphical criteria are compared on randomly generated models. But since the algebraic algorithm
works only on models which can be represented in LISREL notation, the randomly generated models
are restricted to such model structures. To generate these models, first, a random latent variable
structure is generated and then observed variables are added to each of the latent variables. The
total number of edges is kept linear in the number of variables in the model. After having the model
structure, a linear number of correlation edges are also added randomly between variables, making
sure that no correlation is added between measurement variables of exogenous and endogenous
variables.
The algebraic algorithm’s output gives variables which are potentially IVs and doesn’t check whether
they are correlated with the covariate or not. Whereas the graphical criteria also checks for d-connection
with the covariate variable. Hence, to check if the results from both the algorithms are same, the
condition for correlation with the covariate variable in the graphical criteria is relaxed. We found
the results from both these algorithms to be the same in all the 5000 randomly generated models of
varying sizes.

B

Analytical Complexity

The model is assumed to have a total of n random variables with l latent variables and o observed
variables, and e edges. The number of edges in the model is also assumed to be linear in the number
of random variables.

B.1

Algebraic Algorithm

The complexity of each step of the algebraic algorithm is:
1. Step 1: Compute the C matrix by scanning over all the parameter matrices. The parameter
matrices are of varying sizes but since all of them are sub-matrices from the n × n matrix over
all variables, the upper bound on computation is O(n2 ).
2. Step 2: Compute the T matrix by scanning over ∧ y (I − B)−1 matrix. Since B is a l × l matrix,
the complexity of computing the matrix inverse is: O(l3 ). And scanning over it for non-zero
elements is O(l2 ). Hence, this is upper-bounded by O(n3 ).
3. Step 3: Compute PIV by scanning over the elements of C and T matrices. Since both C and
T are o × n matrix, and for each element in C, every element of T needs to be scanned. The
overall complexity is O(o2 × n2 ). Assuming o to be linear in n, the upper bound is O(n4 ).
4. Step 4: For each missing variable in each row of PIV, if missing variable is correlated with
any other variable, remove it from the row. Therefore, for each missing element of the row,
it’s corresponding row in the correlation matrix is scanned, giving an upper bound of O(o3 )
i.e. O(n3 ).
Hence, the overall complexity of the algorithm is O(n4 ). The pseudocode for the algebraic algorithm is
given in Alg. 3.

B.2

Graphical Criteria

The graphical transformation algorithm only needs to visit each of the parent elements of the predictor
variable, which is O(n). Apart from the graphical transform, the graphical criteria need to find the
d-separated variables, which is O(e). For finding the IVs of all the parameters in the model, the
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Algorithm 3 Pseudocode for the Algebraic Algorithm
function C((y1 , y2 , x1 , x2 , η, ξ, B, Γ, ∧ y2 , ∧x2 ))
C <- Empty dictionary
for var in (y1 , y2 , x2 ) do:
C[var] = [Non-zero elements from the corresponding parameter matrix]
return C
function T(y , x, B, η)
T <- Empty dictionary
zeta_param = ∧ y @ inv((I - B))
for index, var in y do
T[var] = [Non-zero elements from zeta_param]
for index, var in x do
T[var] = [var]
return T
function PIV(C, T, x, y)
PIV <- Empty dictionary
for var in [x, y] do:
init_piv = set([x, y])
for err_term in C[var] do:
for dep_var in [x, y] do
if err_term in T[dep_var] then
init_piv -= dep_var
PIV[var] = init_piv
return PIV
function IV(PIV, y, x, η, Θ , Θδ , Ψ, Φ):
for key, value in PIV do
for potential_iv in value do
if potential_iv in y then
Check Θ and from value remove variables with non-zero correlation
else if potential_iv in x then
Check Θδ and from value remove variables with non-zero correlation
else if potential_iv in η then
Check Φ and from value remove variables with non-zero correlation
return PIV
function get_IVs(x1 , x2 , y1 , y2 , η , ξ, B, Γ, ∧ y2 , ∧x2 , Θ , Θδ , Ψ, Φ)
C <- C(y1 , y2 , x1 , x2 , η, ξ, B, Γ, ∧ y2 , ∧x2 )
T <- T([y1 , y2 ], [x1 , x2 ], B, η)
PIV <- PIV(C, T, [x1 , x2 ], [y1 , y2 ])
return IV(PIV, [y1 , y2 ], [x1 , x2 ], η, Θ , Θδ , Ψ, Φ)

18

(a)

(b)

Figure 11: Co-occurrence of normal IVs and Conditional IVs. The figures show the percentage
of parameters which have Conditional IVs out of the parameters having normal IVs in (a)
Models with varying sizes, (b) Models with varying number of latent variables.

(a)

(b)

Figure 12: The percentage of identified parameter with single-door criterion, with IVs, and
with Conditional IVs in (a) Models with varying sizes. (b) Models with varying number of
latent variables.
algorithm needs to be run for each parameter (O(e)), hence an overall complexity of O(e2 ). As we have
assumed the number of edges to be linear in the number of variables, this can be approximated as
O(n2 ).

C

Identification and Estimation Analysis with Varying Edge Density

An analysis was done to check the variation of the number of IVs and Conditional IVs with varying
density of edges in the model. In the analysis, the probability of having an edge between any two
Edge Probability Factor
variables is given as Number of variables , and the value of Edge Probability Factor is varied between 2,
and 6. Using this probability keeps the number of edges linear in the number of variables but varies
the factor of linearity. The results are shown in Fig. 12. Also, Fig. 11 shows the co-occurrence of
both normal IVs and Conditional IVs. The plots used in the paper are the averaged values over these
Probability Factors.

D

Analyses Code and Data

Both the code and the generated data used for all the analyses are publicly available at:
https://gitlab.science.ru.nl/aankan/thesis/tree/master/files/analysis. The code has been written to
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be easily reproducible and includes instructions for setting up the environment. Each analysis
presented in the paper is implemented in a separate script file. Each of these scripts has two functions run_experiment, and analyze_data. The run_experiment generates the data for the analysis. The
analyze_data can then be called for generating all the plots used in the paper.
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