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Abstract

Over the years several strategies to solve bandit prob-
lems have been discovered and examined. Strategies
that deal with continuum-armed bandit problems,
which is a variant of a bandit problem, are less fre-
quently researched. In this study Lock-in Feedback
(LiF), a strategy that deals with continuum-armed
bandit problems is optimized. The main advantage
of LiF over other continuum-armed bandit strategies
is the capability to deal with concept drift. How-
ever, the oscillation needed to detect the concept drift
makes LiF less efficient. The aim of this study is to
adapt LiF in such a way, that LiF is still able to
detect concept drift, with using less oscillations. So
the main research questions that will be answered is:
Could we adapt the policy of LiF such that it needs
fewer oscillations to detect concept drift in order to
reduce its linear regret? Two simulation studies are
done to answer this research question. In the second
study different ”stabilization policies” were tested.
The aim of the stabilization polices was to detect
concept drift with the use of less oscillations. The
results of this study show that the stabilization poli-
cies are both able to detect concept drift, but more
research should be done to increase the accuracy of
these stabilization policies.

Introduction

If you want to buy a new cell phone, it is important
to keep an eye on the available offers. When an of-
fer appears that seems worthwhile, acting quickly is
important. Just thinking about the deal for a couple
of hours, could result in a worse deal. Online deals
are changing every minute depending on competition,
custom profile, and supply and demand. This phe-
nomenon is also called dynamic pricing and is the re-
sult of an important purpose of a company; profit. To
reach this aim, the ”best” price of a product should
be found at every time point, where best can be quan-
tified as the price that gives the highest profit. Find-
ing this price is a difficult task.

To solve this problem we could try to model the
problem as a function of multiple variables, where the

variables represent the possible dependencies and the
output of that function would be the best price of a
certain product. Theoretically no function could take
into account all the possible dependencies. Moreover,
most of these dependencies are unknown in practice.

The problem described above is also known as a
continuous maximization problem. These problems
do not only appear in the retail sector, but in a
wider range of sectors. Practical settings where this
problem also arises include controlling the tempera-
ture of a chemical reaction that maximizes the yield
and maximizing the amount of bits transmitted per
minute over a noisy channel.[18] The latter problem
is represented in Figure 1.

In this representation x stands for the amount of
bits transmitted per minute and y stands for the
amount of bits received per minute. The aim is to
maximize the amount of received bits. Increasing x
does not always lead to an increasing of y. Namely, if
the x is too high the bits cannot be differentiated from
the noise anymore. Despite the fact that continuous
maximization problems appear often there is no sin-
gle agreed method up to now to solve maximization
problems.

Figure 1: Simplified representation of noisy channel
maximization problem

In the remainder of this paper the dynamic pricing
problem is used as a guideline. A simplified repre-
sentation of the dynamic pricing example is given in
Figure 2. Figure 2 shows a plot of the profit against
the price of a certain product at a certain time point.
In this plot the best price to ask is 150 euro, then
the profit would be around 100 euro. The aim of the
company is to find that best price.

A continuous maximization problem can be formal-
ized as ~xmax = argmax~xf(~x). Where f(x) is a func-
tion which is unknown and x is a controllable vari-
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Figure 2: Simplified representation of a price-profit
curve

able. The aim is to find the instance of x that maxi-
mizes f(x). In the remainder of this paper the x-value
which maximizes f(x) will be called xmax. Contin-
uous maximization problems could be solved by se-
quential experiments. These experiments consist of a
sequence of sub-experiments. Where the outcome of
the previous sub-experiment influences the next sub-
experiment. During such an experiment xmax can be
found by testing different x-values.

If we are not only interested in finding xmax, but
also in the efficiency of the search then a continu-
ous maximization problem could be framed as a ban-
dit problem. Bandit problems are problems where at
each time point several possible actions are to experi-
ment, for example several x-values. The name bandit
comes from the fact that these problems are modeled
as multi-armed bandits, which is a slot machine with
multiple arms. Each of the arms have a different pay-
off probability distribution. Before the experiment
these distribution are unknown. By a sequential ex-
periment the distributions should be discovered. The
aim is not only to find by sequential experiment the
best arm, and thus xmax, but also in the most effi-
cient way. Efficiency can be reached by optimizing
the exploration-exploitation trade-off. This crucial
trade-off between exploration, getting more informa-
tion about the pay-off distributions of the arms, and

exploitation, choosing the expected xmax, is one of
the biggest problems faced in bandit problems.[17, 19]

In the dynamic pricing problem described above, the
aim is not only to find xmax, but also to find it in the
most efficient way. Efficiency is quantified in terms
of regret during this study. The equation of regret
is given in Equation 1, where τ is the amount of se-
quential experiments.

R =

τ∑
t=1

f(xmax)− f(xt). (1)

The option for this quantification of efficiency is
made, since it clearly illustrates the total profit the
company has lost during the sequential experiment
due to exploration. It is important to find xmax
in an efficient way, since less efficiency leads to less
profit. Therefore the dynamic pricing problem will
be framed as a bandit problem in this study. If we
frame the dynamic pricing problem as bandit prob-
lem, the arms of the bandit represent the different
prices and the pay-off probability distributions of the
arms are represented by the observed profit.

There exist several kinds of bandit problems. The
multi-armed bandit problem and the continuum-
armed bandit problem proposed by Rajeev Agrawal
are the most famous ones.[1]

Framing the dynamic pricing problem as a multi-
armed bandit problem has two disadvantages com-
pared to framing it as a continuum-armed bandit
problem.

Firstly, if we want to frame the dynamic pric-
ing problem as a multi-armed bandit problem, there
should be an arm for all the possible prices, prices ∈
{0, . . . ,∞}. This would lead to an infinite amount
of arms, which should at least be tested once dur-
ing an experiment to be able to make a trustwor-
thy guess which arm would have the highest pay-off
distribution. To test all the different arms the ex-
periment should run infinitely. In practice this will
never happen, due to the time-limit set to the experi-
ment, which is also known as the horizon. A solution
to this infinite arm problem is dividing the range of
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the controllable variable in equal lengths and play
a multi-armed bandit problem over the discretized
problem.[8] A consequence of this solution is that
there is a chance that the best instance of the con-
trollable variable cannot be discovered, if the lenght
of the subintervals is too large.

Secondly, the loss of information is an important
reason not to opt for framing the dynamic pricing
problem as a multi-armed bandit problem. Since one
of the characteristics of a multi-armed bandit prob-
lem is that the pay-off distribution of the arms are
independent of each other.[4] In the dynamic pricing
problem this is not the case, prices that are close to
each other yield approximately similar expected pay-
off distributions. This information is unused if we
frame the dynamic pricing problem as a multi-armed
bandit problem.

Framing the dynamic pricing problem as a
continuum-armed bandit problem would have two ad-
vantages. Firstly, an infinite amount of arms can be
used. Secondly, this context does not make the as-
sumption that arms are independent of each other.
In this study the dynamic pricing problem is framed
as a continuum-armed bandit problem.

In this study the Lock in Feedback strategy (LiF),
designed by M. Kaptein and D. Iannuzzi [6], is used
to find xmax. LiF tries to find xmax by sequential
experiment. This strategy starts by examining the
slope of a certain x-value (xc). If the slope of that
certain xc is smaller than 0, xc will decrease. If the
slope is higher than 0, xc will increase. The amount
of increasing or decreasing is dependent on the ap-
proximated slope. To determine the slope at a cer-
tain xc LiF makes use of the lock-in amplifier tech-
nique, which is widely used in other fields.[11] This
technique lets the controllable variable oscillate as a
cosine function, which is shown in Figure 3. In the
figure the center of the oscillation, xc, is 120 euro and
the amplitude of the oscillation is 5. In order to de-
termine the slope at the price xc LiF makes a cosine
oscillation around xc. This oscillation is divided in a
predetermined amount of evenly distributed points,
the x-values of these points will be called ∆xc. The
y-values of these ∆xc-values are observed and multi-
plied by the distance between xc and the ∆xc. Aver-

aging these results gives the slope at xc. Even with
large noise on the data stream LiF is able to approx-
imate the slope.[6]

Figure 3: Simplified representation of a oscillation of
the controllable variable, the price of a product

The choice for this strategy is made because it
is able to deal with concept drift.[3] Concept drift
means that the function changes over time, Figure 4
shows a simplified price-profit curve that suffers from
concept drift. This phenomenon also happens in the
real world due to the price being dependent on ex-
ternal factors. Just due to weather or competition
prices can change over time. Therefore it is very im-
portant that a strategy is able to deal with concept
drift. Another advantage of LiF is that it is able to
deal with situations where noise levels are high.[6]

During the project of M. Kaptein and D.
Iannuzzi[6] LiF was compared with other well-known
strategies that are used to solve continuum-armed
bandit problems. Their results show that LiF was
very efficient in finding xmax. But in the long run
LiF has linear regret due to oscillations, because LiF
remains oscillating even if the xmax has already been
found. So if we want to optimize LiF we should try to
reduce oscillations after xmax has been found. Just
stop with oscillation when LiF has found xmax is not
an ideal solution to this problem. The oscillations
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Figure 4: Simplified representation of a price/profit
curve with concept drift

are not only used by LiF during the search to xmax
but also afterwards to detect concept drift. So if we
want to improve LiF we should try to find another
solution. The question that will be answered in this
study is: Could we adapt the policy of LiF such that
it needs less oscillations to detect concept drift in or-
der to reduce its linear regret?

In the following section of this paper more strategies
for continuum-armed bandit problems and their ad-
vantages and disadvantages are described. Then both
the method and the simulator used during the exper-
iment are explained in more detail. Subsequently, the
results of the experiments will be described and dis-
cussed. Given the obtained results during this study
LiF will be modified and compared with other well-
known continuum-armed bandit strategies. Finally
the research question will be answered and the op-
portunities of LiF will be discussed.

Literature review

Over the years several strategies to solve the multi-
armed bandit problem are discovered and examined.
Examples are probability matching strategies, UCB,
the Poker strategy, and semi-uniform strategies as

ε-greedy.[12, 14] Strategies that solve continuum-
armed bandit problems are less examined and a so-
lution for continuum-armed bandit problems seems
to be much harder to find. While in multi-armed
bandit problems logarithmic regret is achievable, in
continuum-armed bandit problems polynomial regret
is the lower limit.[13] Recently, strategies to (approxi-
mately) solve continuum-armed bandit problem have
been studied by a number of authors.[7, 8, 13]

One Strategy that is examined by different re-
searchers is Thompson Sampling.[5, 19, 7, 9] Thomp-
son sampling is a probability matching strategy origi-
nally made to approximately solve multi-armed ban-
dit problems. This strategy tries to determine the
prior probability distribution of every arm taking into
account the available (prior) information. The prob-
ability distribution is updated after every sequential
experiment.[2] However, Thompson Sampling was
originally used as a multi-armed bandit strategy.
This strategy could be easily transformed to an strat-
egy that was able to deal with continuum-armed ban-
dit problems.[5]. In Algorithm 1 an continuum-armed
variant of Thompson Sampling is given. This vari-
ant starts with sampling for a predefined amount of
time, which is given to Thompson sampling as in-
put variable samples. After this sampling period a
two-degree polynomial is fitted thought the obtained
data points. This two-degree polynomial is the best
fitted polynomial in a sense of least-squares given the
samples. Given this two-degree polynomial and the
samples the standard error is calculated for all the
coefficients of the polynomial.

The obtained coefficients and their standard errors
are used to make a normal-distribution, where the
means are equal to the coefficients and the standard
deviations are equal to standard errors. Note that
the standard error will decrease with an increasing
of the amount of samples, assuming that no concept
drift happened.

Then three normal-distributions will be made, one
for every β-value, and from all of these distributions
a sample will be drawn. These obtained values will
be used to make a new 2-degree polynomial.

The extremum of this created 2-degree polynomial
will be calculated and the x-value belonging to this
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extremum is used as the next x-value for the sample.
Given this sample a new 2-degree polynomial will be
created and this does go on and on until the end
of the horizon. Note that this variant of Thompson
Sampling makes the assumption that the continuum-
armed bandit problem could be approximated by a
2-degree polynomial.

Algorithm 1 Thompson Sampling

Require: samples, xMin, xMax, τ
1: for t = 1, ..., samples do
2: draw ∼ U(0, 1)
3: x.add((xMax− xMin)× draw + xMin)
4: y.add(f(x.getLastItem()) + εt)
5: end for
6: for t = samples, ..., τ do
7: [β, SE] ← fit 2-degree polynomial through

data samples obtained until t {Where β is a
array with three values representing the coeffi-
cient of polynomial and SE the standard error
of the three coefficients}

8: β1 ∼ N (β[1], SE[1])
9: β2 ∼ N (β[2], SE[2])

10: β3 ∼ N (β[3], SE[3])
11: extremum ← calculate x-coordinate of ex-

tremum of the polynomial with coefficients
β1, β2, β3

12: x.add(extremum)
13: y.add(f(extremum) + εt)
14: end for

Thompson sampling has not been popular in the lit-
erature until recently. Researchers found out that
Thompson sampling is highly effective for balanc-
ing exploration and exploitation.[16] Since Thompson
sampling is able to make a balance between exploita-
tion and exploration, this strategy is able to find xmax
in a very efficient way.

However, Thompson Sampling can be seen as one
of the most efficient strategy to deal with continuum-
armed bandit problems, this strategy needs more
knowledge about the continuum-armed problem than
other strategies. Both the model and the x-range of
the curve are required as a input argument or should
be assumed. In case of dynamic pricing, you could

imagine that approximating the x-range is possible.
But approximating the model, by approximating the
degree of the polynomial that fits the price-profit
curve the best in terms of the least-squares is impos-
sible in practice. A wrong assumption would make
Thompson Sampling less efficient after all.

Besides the fact that Thompson Sampling needs a
lot of information about the curve, Thompson sam-
pling is also not able to deal with situations where
the curve suffers from concept drift. The reason why
Thompson sampling is quite bad in detecting the
concept drift has to do with the fact that Thomp-
son sampling uses all the samples obtained during
the whole run to fit the next polynomial. Assume
that concept drift did happen and that xmax shifted
from 150 tot 190. Thompson Sampling will use both
the samples obtained before the concept drift and af-
ter the concept drift to fit the 2-degree polynomial.
So Thompson Sampling will approximate xmax some-
where around 170, which is not a approximation close
the xmax at all. Some researchers have already been
trying to deal with this disadvantage of Thompson
Sampling.[15]

Other strategies that were originally made for multi-
armed bandit problems, but are also usable to solve
continuum-armed bandit problems are the semi-
uniform strategies. This group of strategies is one of
the oldest and simplest strategies that were able to
approximately solve bandit problems. These strate-
gies make a clear distinction between exploration and
exploitation. Exploitation is mostly defined as tak-
ing the best possible action known so far, whereas
exploitation is usually taking actions with uniform
probability.[10]
ε-first belongs to the class of semi-uniform strate-

gies and is one of the simplest of these class. ε-first
starts with a pure exploration phase, which is fol-
lowed by an exploitation phase. The length of the
exploration phase is εN and the length of the ex-
ploitation phase is (1- ε)N. Where N is the horizon of
the strategy, which means that N times an x-value is
selected. ε is a value which is typically 0.1.[10]

Although, ε-first strategy was originally made for
multi-armed bandit problems only two small adap-
tions transformed this strategy to a continuum-armed
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bandit strategy. The first adaption was that the
strategy has to choose a random x-value instead of
an arm. Secondly, before the exploitation phase could
start a method should fit a polynomial through the
set of data points obtained during the exploration
phase. The polynomial is fit through the data points
in terms of least-squares error. On the basis of this
polynomial the expected xmax should be determined.
The disadvantage of ε-fist is that it is not able to
deal with concept drift and that ε-first needs, just as
Thompson Sampling, both the model and the x-range
of the curve. In Algorithm 2 the pseudo-code of the
continuum-armed bandit variant of ε-first is given.
Note that this strategy makes the assumption that
the continuum-armed bandit problem is approach-
able by a 2-degree polynomial.

Algorithm 2 ε-first

Require: ε, xMin, xMax, τ
1: for t = 1, ..., ε× τ do
2: draw ∼ U(0, 1)
3: x.add((xMax− xMin)× draw + xMin)
4: y.add(f(x.getLastItem()) + εt)
5: end for
6: [β1, β2, β3] ← fit 2-degree polynomial through

data samples obtained {Where the three β-values
represent the coefficient of polynomial}

7: extremum ← calculate x-coordinate the ex-
tremum of the polynomial with coefficients
β1, β2, β3

8: for t = ε× τ, ..., τ do
9: f(extremum) + εt

10: end for

LiF, in contrast to the above described strategies, is
especially made for continuum-armed bandit prob-
lems. There exists two variants of this strategy, both
these variants will be explained shortly.

Both variants of LiF have the following tuning pa-
rameters: xc the center of the first oscillation, A
the amplitude (this is the amplitude of the oscilla-
tion), γ the learning rate and T the integration time.
The integration time stands for the amount of evenly
distributed points that are chosen on the oscillation.

Note that the model and the x-range are not required
as input variables.

The difference between the variants is the way they
update, LiF-I updates after every oscillation and thus
uses a batch approach, while LiF-II updates after ev-
ery observation and thus makes use of on-line learn-
ing. The pseudo-code for both strategies are de-
scribed in Algorithm 3 and Algorithm 4. The only
difference between these strategies is line 6 and the
initialisation of yΣ

ω or ~yω.[6] During this study only
LiF-II will be used, the reason for this decision will
be explained in the method.

Algorithm 3 LiF-I using batch learning

Require: xc, A, T, γ, y
Σ
ω = 0, τ

1: ω = 2π
T

2: for t = 1, ..., τ do
3: xt = xc +A cosωt
4: yt = f(xc +A cosωt) + εt
5: yΣ

ω = yΣ
ω + yt cosωt

6: if (t mod T == 0) then
7: y∗ω = yΣ

ω /T
8: xc = xc + γy∗ω
9: yΣ

ω = 0
10: end if
11: end for

Algorithm 4 LiF-II using online learning

Require: xc, A, T, γ, ~yω = {NA1, ..., NAT }, τ
1: ω = 2π

T
2: for t = 1, ..., τ do
3: xt = xc +A cosωt
4: yt = f(xc +A cosωt) + εt
5: ~yω = push (~yω, yt cosωt)
6: if (t > T ) then
7: y∗ω = (Σ~yω)/T
8: xc = xc + γy∗ω
9: end if

10: end for

The advantages of LiF are already mentioned
above. Namely, LiF is able to deal with concept drift,
does not need the model or the x-range. However LiF,
does also have some disadvantages.
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Firstly, several variables should be initialized.
Badly initialized variables could lead to slower con-
vergence or no convergence at all. For example, a
badly initialized learning rate could lead to no conver-
gence at all. This could happen if the learning-rate is
too large and LiF ”overshoots” xmax. In case the dif-
ference between xmax and the previous xc is smaller
than the difference between xmax and the update xc,
LiF has overshoot xmax. So it is important to have
a small learning-rate, but smaller learning-rates lead
to slower convergence and thus to more regret.

Moreover if the amplitude is very small, LiF could
get stuck in a local maximum or at a flatter part of
the curve. However, a larger amplitude will lead to
higher linear regret after that LiF is stabilized around
xmax.

Finally, the increasing of the integration time leads
to smoother updates, but slower convergence. So a
too large integration time could make LiF less effi-
cient.

So to make LiF optimal, these variables should be
optimized. The optimization of these variables is de-
pending on the curve. In practice the curve is un-
known and optimization based on the curve is not
possible. So to make LiF the most efficient in prac-
tice, the most robust settings should be used. So a
relative large amplitude and a small learning would
be the most robust.

In the study of Kaptein and Iannuzzi[6] LiF was
compared both with Thompson Sampling and ε-first.
They used both Thompson sampling and ε-first, since
these strategies put LiF in perspective. As already
mentioned Thompson sampling is very efficient in the
search and can be seen as a lower-regret bound for
continuum-armed bandit problems.[5] In contrast to
ε-first, which can be seen as the upper regret bound
for continuum-armed bandit problems. Kaptein and
Iannuzzie concluded that LiF is very efficient in the
search. But from the time point that xc is (almost)
equal to xmax, LiF suffers from linear regret. This
linear regret is due to the oscillation.

Method

In this section the simulator and methods used during
this study are described. Firstly, the overall approach
and the simulator will be explained in more detail.
Subsequently, the adaptations that will be made to
LiF are described and how these adaptations will be
tested using the simulator. LiF with the best top-
detection method and the stabilization policy will be
called the modified LiF, where best is quantified in
terms of regret. This modified LiF will be compared
with both Thompson Sampling and ε-first.

Given the results obtained during the study of
Kaptein and Ianuzzie[6] the policy of LiF should be
changed after that xc approximates xmax. To be able
to do this LiF should be able to detect this situa-
tion where xc approximates xmax. If xc approximates
xmax, xc actually approximates the extremum of con-
tinuous maximization problem. Therefore we will call
the method added to LiF, which is responsible for
detecting if xc approximates xmax a Top-detection
method. During this study two different top-detection
methods will be examined. Both these methods will
be explained in more detail below. Both these top-
detection methods only uses information obtained by
the oscillations of LiF to decide if xc approximates
xmax, thus no further information has to be obtained
and this keeps the regret as low as possible.

After that LiF has detected that xc is (almost)
equal to xmax, LiF will call a stabilization policy.
This stabilization policy will take over the control
over the sub-experiments. The aim of the stabiliza-
tion policy is to detect concept drift with less oscil-
lations than LiF. So the stabilization policy tries to
exploit as much as possible, while keep track of con-
cept drift. If the stabilization policy detects concept
drift, the stabilization policy will notify LiF by giving
back the current time point. LiF will take the con-
trol over the sub-experiment again and will search
for xmax. This will go on and on until the end of the
horizon. During this study two different stabilization
policies will be tested. Both these stabilization poli-
cies will be explained in more detail below, after the
simulator and the top-detection methods have been
described.
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Simulator

During this study a simulator is used tot test the
different top-detection methods and the stabilization
policies. In this section the simulator will be de-
scribed in more detail.

A 2-degree polynomial, which represent a simpli-
fied price-profit curve, is used in this study as the
continuum-armed bandit problem. The function of
the polynomial is:

f(x) = −0.04x2 + 12x+ 800 + ε, ε ∈ N (0, 5). (2)

This price-profit curve suffers from concept drift dur-
ing the run, so Equation 2 is only used if no concept
drift has happened. Concept drift was a requirement
of the simulator, since the modified LiF should be
able to deal with concept drift. There were several
drifts during the run:

• between t = 2000 and t = 2400, curve shifts 10
to left

• between t = 3400 and t = 4200, curve shifts 20
to right

• between t = 5200 and t = 6400, curve shifts 30
to left

• between t = 7400 and t = 9000, curve shifts 40
to right

As you can see the speed did not differ between the
drifts, but the amount of the shifted positions did.
During this study it has been decided not to change
the speed of the drifts, because the interest is not
in how the stabilization policies deal with the speed
variations of the drifts. But during this study we are
interested if the stabilization policy is able to detect
shifts even if they are very small.

Between every shift there where 1000 time points
with no drifts, this was done such that there was
enough time for both LiF to search for the new
xmax and for the stabilization policy to take over the
control of the sub-experiments. If the intervals be-
tween the drifts where too small, there would be no

time for the stabilization policy to control the sub-
experiments and we would not have been able to draw
any conclusion on how they function. Figure 5 shows
the different curve positions after the drifts.

A duration of a whole run was 10.000 time points,
in the remainder of this paper this will be called the
horizon. Every setting was tested 50 times, this was
done to minimize the influence of the noise on the
results.

Figure 5: The curve used during this study at differ-
ent time points

During this study only LiF-II, the one with the on-
line learning approach, will be optimized. We de-
cided for this variant, because this variant is more
robust to erroneous selection of the amplitude than
LiF-I.[6] Especially, when the amplitude is large LiF-I
has the tendency to become unstable if xc approxi-
mates xmax.[6] To make LiF more robust it is im-
portant to have a large amplitude during the search,
this gives LiF the possibility to overcome small local
maximum or flatter parts in the curve. So during
the search a large amplitude is to the advantage of
a smaller amplitude. However, stability in the top
is also important because the top-detection method
should be able to detect if xc approximates xmax.
Therefore, LiF-II is best option to choose here. In
the remainder of this paper if stated LiF, LiF-II is
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meant. In this study LiF has the following parame-
ters:

• xc = 110

• Amplitude = 10

• Learning-rate = 0.1

• Integration time = 20

As already mentioned during this study LiF will be
compared with Thompson Sampling and ε-first. The
pseudo-code of the strategies has already been given
in Algorithm 1 and 2. Both these strategies make
the assumption that the price-profit curve could be
approximated with a 2-degree polynomial, which is
exactly the case. So we could say that both Thomp-
son Sampling and ε-first has an unfair advantage in
comparison with LiF, since LiF does not have this in-
formation. The parameters for Thompson sampling
used during this study are:

• samples = 100

• xMin = 100

• xMax = 200

The parameters of ε-first are:

• ε = 0.1

• xMin = 100

• xMax = 200

In Figure 7 LiF is compared with both Thompson
Sampling and ε-first. The simulator was used to gen-
erate this Figure, but the curve did not suffer from
concept drift during the run. So the polynomial used
during the whole run was equal to Equation 2. There
was no concept drift on the curve, since both Thomp-
son Sampling and ε-first are not able to deal with
concept drift. The results in Figure 7 agree with the
results obtained during the research of Kaptein and
Iannuzzi.[6] So during the search LiF is very efficient,
which can be seen in the left upper corner. But after
stabilization LiF suffers from linear regret. The cu-
mulative regret at the end of the horizon is equal to
2.3× 104. So the aim of this study is to improve this
regret, so reduce it by adding a top-detection method
and a stabilization policy.

Top-detection method 1: mean-
dependent

The mean-dependent top-detection method (TD1)
uses the observed y-values during the last oscillation
to determine if xc is close to xmax. TD1 divides the
observed y-values in three different groups: The first
group contains the y-values observed at xc, or if the
integration time is not divisible by four the y-values
observed at the x-value(s) closest to xc. The remain-
der of the y-values will be divided in two different
groups, one group with the y-values observed at x-
values left to xc and in the other group the y-values
observed at x-values right to xc. In Figure 6 these
groups are illustrated in a simplified manner, by dot-
ted lines. The groups are provided with a group num-
ber to make the further explanation clearer.

Figure 6: Simplified representation of the three
groups made by the TD1. The red dots represent
the observed y-values and the numbers represent the
group numbers

The mean of the observed y-values of all these
groups will be calculated. If the observed y-value
for both groups 2 and 3 is lower than the mean of the
observed y-values of group 1, the top is detected. Due
to noise it could happen that a top is detected at a
certain xc, whereas xc is not even close to xmax. This
could happen if the average noise in the groups 2 and
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Figure 7: LiF compared with Thompson Sampling and ε-first

3 is negative (ε < 0) and the average noise in group
1 is positive (ε > 0). To prevent TD1 from detecting
the top at a wrong position. The top should be de-
tected several times in a row, before the top-detection
is detected definitely. This predefined variable will be
optimized, so row ∈ {5, 10, 15, 20, 15, 30}.

The width of the groups 2 and 3 are dependent of
the amplitude of LiF. So if the amplitude of LiF is
smaller the width of groups 2 and 3 is also smaller. If
the amplitude is too small TD1 is not able to make
a detection at all, since the group averages are to
close to each other, which is a disadvantage of TD1.
The pseudo-code of TD1 is given in Algorithm 6, in
Algorithm 5 you can see how TD1 is called by LiF.

Top-detection method 2: slope-
dependent

The slope-dependent top-detection method (TD2)
makes use of the approximated slope by LiF to deter-
mine whether xc is close to xmax. This approximated
slope is proportional to the real slope. The variable
y∗ω approximates the slope of xc. If y∗ω slope is smaller
than a predefined value, this variable will be called

Algorithm 5 LiF in combination with TD1

Require: xc, A, T, γ, ~yω = {NA1, ..., NAT },
rowList, row, slope, start = 0, τ

1: ω = 2π
T

2: for t = 0, ..., T do
3: cosV alue(t) = cos(w ∗ t)
4: end for
5: for t = 1, ..., τ do
6: xt = xc +A cosωt
7: yt = f(xc +A cosωt) + εt
8: ~yω = push (~yω, yt cosωt)
9: ~yt(t mod T ) = yt

10: if (t > T + start) then
11: y∗ω = Σ~yω/T
12: rowList(t mod row) = TD1(~yt, cosV alue)
13: if ΣrowList == row then
14: [t] = perfectSP(t, xc, τ)
15: start = t
16: set all values in rowList to zero
17: else
18: xc = xc + γy∗ω
19: end if
20: end if
21: end for

10



Algorithm 6 TD1

1: Function TD1 (~yt, cosV alue)
2: meanMiddle ← Calculate mean of values in ~yt at indices included in middle
3: left ← Find indices of items in cosValue smaller than zero
4: meanLeft ← Caclulate mean of values in ~yt at indices included in left
5: right ← Find indices of items in cosValue larger than zero
6: meanRight ← Caclulate mean of values in ~yt at indices included in right
7: return if meanLeft < meanMiddle > meanRight else 0

slope, the top is detected. Several slope values will be
tested. slope ∈ {0.1, 0.3, 0.5, 0.7}

It could happen that the approximated slope is
smaller than the predefined slope when xc is not xmax
or close to xmax. This could happen due to noise or
to large learning-rates. In case of noise, it happens
for example if the real slope of xc is ascending and the
averaged noise left to xc is positive (ε > 0), whereas
the averaged noise right to xc is negative, (ε < 0). In
this case the obtained y-values during the oscillation
are close to each other and the slope will be quite
small and it looks like the xc approximates xmax.

Secondly, if the large learning-rate it too large, it
could happen that the update of xc is too large, then
a certain x-value is observed several times during one
oscillation. This will also lead to a small amplitude.

To prevent the TD2 from making wrong detec-
tions, it is important that the top is detected several
times in a row. This variable row will be optimized
too. row ∈ {5, 10, 15, 20, 15, 30}. In Algorithm 7 the
psuedo-code of TD2 is given.

Testing top-detection method using
simulator

Both these top-detection methods will be tested us-
ing the simulator. Two aspects of the top-detection
methods, speed and accuracy should be taken into ac-
count by the decision which top-detection method is
the best. The speed is determined by the amount
of oscillation that is needed for the top-detection
method to detect a top from the moment that xc
approximates xmax. The accuracy is determined in
terms of the distance between the expected xmax and
the real xmax. Despite having a clear definition for

Algorithm 7 LiF in cobination with TD2

Require: xc, A, T, γ, ~yω = {NA1, ..., NAT },
rowList, row, slope, start = 0, τ

1: ω = 2π
T

2: for t = 1, ..., τ do
3: xt = xc +A cosωt
4: yt = f(xc +A cosωt) + εt
5: ~yω = push (~yω, yt cosωt)
6: if (t > T + start) then
7: y∗ω = Σ~yω/T
8: rowList(t mod row) = |y∗ω| ≤ slope
9: if ΣrowList == row then

10: [t] = perfectSP(t, xc, τ)
11: start = t
12: set all values in rowList to zero
13: else
14: xc = xc + γy∗ω
15: end if
16: end if
17: end for
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both accuracy and speed it is quite difficult to test
both these aspects and decide which top-detection
method is the best. Something like a weighted aver-
age for both the aspects should be used then.

Here is opted for a simplified comparison between
the top-detection methods. The cumulative regret at
the end of the run will be used here as a quantity
of the performance of the top-detection methods. In
Equation 1 the formula of regret is given. It is im-
portant that the horizon of all the tests is the same.
Otherwise, we cannot use the quantity regret to com-
pare them, so the whole run of 10,000 time points will
be used during this experiment. If we want to use the
whole run we should add a stabilization policy to LiF,
which informs LiF if the curve started with drifting.
So a perfect stabilization policy is used here, the sta-
bilization policy is perfect in the sense that it always
knows when the curve is drifting. In Algorithm 8
the pseudo-code of the perfect stabilization policy is
given. In Algorithm 7 and Algorithm 5 it is shown
how the perfect stabilization policy is called by LiF.

Algorithm 8 Perfect stabilization policy

1: Funtion perfectSP(xc, t, τ)
2: while no concept drift at t and t ≤ τ do
3: f(xc) + εt
4: t = t+ 1
5: end while
6: return t

So what exactly happens during a run is as follows:
LiF starts with searching for xmax. If a top-detection
method thinks that xc approximates xmax, then the
top-detection method detects the top and the perfect
stabilization policy will take over the control, until
it detects concept drift. The stabilization policy will
notify LiF, by giving back the current time point, and
LiF will start with oscillation again. before xc could
updated again at least one oscillation should have
happened, since the values in y∗ω are not trustworthy
anymore. So if the top-detection methods makes de-
tection during concept drift, this will lead to a higher
overall regret.

The advantage of this simplified comparison is that
both the performance of the speed and the accuracy

are included in the cumulative regret. Namely, a
slower top-detection method will result in a higher
regret, since more oscillations are needed. Moreover,
a top-detection methods with a lower accuracy will
lead to higher regret, since the distance between the
xc and xmax will be larger when the accuracy is lower.
Thus the regret obtained during the period between
the top-detection method detects a top and the mo-
ment that the stabilization policy notifies LiF that
the curve is shifting will be larger. The period is ap-
proximate 1000 time points, so you could expect that
the accuracy does have a larger influence on the cu-
mulative regret than the speed of the top-detection
method, which was requested.

Stabilization policy 1: y-value depen-
dent

The y-value dependent stabilization policy (SP1) uses
the observed y-values of the last oscillation to approx-
imate the noise level on the curve and to approximate
the y-value at xc. Given this information SP1 is able
to detect concept drift. SP1 only exploits xc, which
was detected as the top by the top-detection method.
If the observed y-value significantly differs from the
expected y-value given the expected noise, the stabi-
lization policy detects concept drift.

In order to make sure that a single wrong detec-
tion would not lead to a notify to LiF, concept drift
should be detected as a percentage of the last X steps.
The reason why a percentage seems to be better here
than just a row, which is used by the top-detection
methods, is as follows: let’s assume that xc is close
or equal to xmax. If concept drift happens the ob-
served y-value at xc will decrease. Let’s assume that
the difference between the expected y-value and the
observed y-value at xc is 10. Than the shift is sig-
nificant, note that noise has standard deviation of 5,
and thus the stabilization policy should notify LiF
that the curve has shifted. However, in this case only
approximately 50% of the time the observations are
significantly different from expected, which is the re-
sult of the noise on the curve.

The noise on the curve is created with a normal dis-
tribution with mean 0 and standard deviation 5. So
in approximate 50% of the cases the observed y-value
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will be smaller or equal to f(xc). If this is the case
concept drift will still be detected. But in case that
the noise is a positive value (not too large), which is
also approximate 50% of the time, the observed y-
value will not significantly differ from the expected
y-value and thus concept drift will not be detected.
Using a percentage makes this stabilization policy
able to detect concept drift trustworthy even with
a small shift. The variable percentage was optimized,
percentage ∈ {10, 20, 30, 40, 50, 60, 70, 80, 90, 100}

To calculate the percentage the last 10 observations
are used. Here is decided to use only the last 10
observations since time points far back in the history
could give the wrong information. As concept drift
could have happened afterwards. The assumption is
made here that a length of 10 would be sufficient.

To determine the expected noise and the expected
y-value the stabilization policy uses the y-values of
the last oscillation. We cannot simply use all the
values observed around the expected top during the
whole run, since concept drift could have happened.
Given the observations of the last oscillation the
stabilization-policy tries to fit a 2-degree polynomial
through the observed data points. Note that every
top of a curve could be approximated by a 2-degree
polynomial. So the model of the whole curve should
not be known, this is illustrated in Figure 8. The
pseudo-code of SP1 is given in Algorithm 10. In Al-
gorithm 9 the stabilization policy is used in LiF in
combination with TD2.

An advantage of SP1 is that is does not need oscilla-
tion to determine if concept drift happened, therefore
the linear regret due to oscillation won’t be there.

An disadvantage of SP1 is that it performs less if
LiF uses very small amplitude. A large amplitude is
needed since the observation of the last oscillation are
used to determine the noise level and the expected
y-value. If the amplitude of LiF is small, than the
last observations were close to each other and it will
become hard to fit a trustworthy 2-degree polynomial
through the points. Consequently, the noise-level and
the expected y-value will be determined badly and
the performance of SP1 will decrease.

Another disadvantage of SP1 is that it could not
deal with situations where the shape of the curve

Algorithm 9 LiF in combination with TD2 and SP1

Require: xc, A, T, γ, ~yω = {NA1, ..., NAT },
rowList, row, slope, start = 0, percentage, τ

1: ω = 2π
T

2: for t = 1, ..., τ do
3: xt = xc +A cosωt
4: ~xt(t mod T ) = xt
5: yt = f(xc +A cosωt) + εt
6: ~yω = push (~yω, yt cosωt)
7: if (t > T + start) then
8: y∗ω = Σ~yω/T
9: rowList(t mod row) = |y∗ω| ≤ slope)

10: if ΣrowList == row then
11: [t] = SP1(~xt, t, xc, percentage, τ)
12: start = t
13: set all values in rowList to zero
14: else
15: xc = xc + γy∗ω
16: end if
17: end if
18: end for

Algorithm 10 SP1

1: function SP1 (~xt, t, xc, percentage, τ)
2: [β1, β2, β3, expectedNoise] ← fit 2-degree poly-

nomial through data samples obtained during last
oscillation, so values in ~xt

3: extremum← calculate y-coordinate of extremum
of the polynomial with coefficients β1, β2, β3

4: for t = t, ..., τ do
5: yt = f(xc) + εt
6: g = |yt−extremum|

expectedNoise

7: z(t mod 10) = g > 1.96
8: if Σz ≥ percentage then
9: BREAK

10: end if
11: end for
12: return t
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Figure 8: Simplified representation of price-profit
curve, where the top approached is by a 2-degree
polynomial (dotted-line)

changes over time. An illustration of a situation is
given in Figure 9. Before the concept drift xmax was
150. After the concept drift and the reshape the xmax
is close to 170. However, SP1 still observed a profit
around 100 at price 150 and thus won’t detect con-
cept drift.

Moreover, SP1 works well in situations where the
curve is very flat. In this case a small shift won’t
lead to a significant change in the observed y-value
and consequently concept drift will not be detected.

Stabilization policy 2: Slope-dependent

The slope-dependent stabilization policy (SP2) still
makes use of oscillation to detect concept drift. How-
ever, the oscillation used by SP2 has a smaller am-
plitude and the amount of oscillation is reduced. A
small amplitude is not a problem, since this ampli-
tude is only used to check if the slope of xc is still
flat, thus it is not used to overcome local minimum
of flatter parts of the graph.

During this study the amplitude was reduced to
A = 2 and the time between the oscillations was
optimized, break ∈ {50, 100, 150, 200, 250}. During

Figure 9: Simplified representation of price-profit
curve, where the curve shape changes over time. line
= curve at t = 1000, dotted-line = curve at t = 2000

this break the policy exploits xc determined by the
top-detection method. After every oscillation the y∗ω
obtained was used to determine if concept drift has
happened. If y∗ω is larger than a predefined slope
the policy detects concept drift. This slope was opti-
mized slope ∈ {0.1, 0.3, 0.5, 0.7}. It has been decided
to use only one oscillation to determine if concept
drift did happen, since the noise on the data stream
is smoothed quite well by LiF.

The advantage of SP2 compared to SP1 is that this
stabilization policy is also able deal with situations
where the shape of the curve changes over time. A
disadvantage of this method is that it still uses oscil-
lation to detect concept drift.

Additionally, due to the small amplitude and the
breaks it could happen that SP2 could not detect
concept drift if the slope at the xc has become al-
most flat. This could happen if the xc has set in
a local maximum after the drift. In this study this
is impossible due to shape of the curve used. The
pseudo-code for LiF in combination with TD2 and
SP2 is given in Algorithm 11 and the pseudo-code
for SP2 is given in Algorithm 12.
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Algorithm 11 LiF in combination with TD2 and
SP2
Require: xc, A, T, γ, ~yω = {NA1, ..., NAT },

rowList, row, slope, start = 0, slope, break, τ
1: ω = 2π

T
2: for t = 1, ..., τ do
3: xt = xc +A cosωt
4: yt = f(xc +A cosωt) + εt
5: ~yω = push (~yω, yt cosωt)
6: if (t > T + start) then
7: y∗ω = Σ~yω/T
8: rowList(t mod row) = |y∗ω| ≤ slope)
9: if ΣrowList == row then

10: [t] = SP1(T, t, xc, break, slope, τ, ω)
11: start = t
12: set all values in rowList to zero
13: else
14: xc = xc + γy∗ω
15: end if
16: end if
17: end for

Testing stabilization policies with sim-
ulator

To test both stabilization policies, we should make
use of a top-detection method. This top-detection
method should inform the stabilization policy to
start. During this experiment the best top-detection
method following the first experiment will be used,
where the best can be quantified in terms of regret.

To decide which stabilization policy is the best, we
can best quantify in terms of accuracy, where accu-
racy is defined as:

accuracy =
TP + TN

TN + TP + FP + FN
(3)

where TP (TruePositive) stands for the amount of
correct detection of concept drift over the whole
run. TN(TrueNegative) for the amount of cor-
rect detection of no concept drift over the whole
run. FP (FalsePositive) for the amount of wrong
detection of concept drift over the whole run and
FNFalseNegative) for the amount of wrong detec-
tion of no concept drift over the whole run. Note

Algorithm 12 SP2

1: Function SP2 (T, t, xc, break, slope, τ , ω)
2: timeLeft = break
3: pauze = true
4: for t = t, ..., τ do
5: if timeLeft ≤ 0 then
6: if pauze then
7: pause = false
8: timeLeft = T
9: else

10: pause = true
11: timeLeft = break
12: end if
13: end if
14: if pause then
15: f(xc) + εt
16: else
17: xt = xc + 2× cos(ω × t)
18: yt = f(xt) + εt
19: ~yω = push (~yω, yt cosωt)
20: end if
21: if timeLeft = 1 and not pause then
22: y∗ω = Σ~yω/T
23: if |y∗ω| ≥ slope then
24: BREAK
25: end if
26: end if
27: timeLeft = timeLeft - 1
28: end for
29: return t
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that the perfect stabilization policy used during the
top-detection experiment has a accuracy of 100%.

The amount of possible concept drift detections dif-
fers between the stabilization policies. SP2 could only
detect concept drift after every break, whereas SP1
could detect concept drift at every time point. Only
using the accuracy is not completely fair. Therefore,
both the regret and the accuracy will be used here
to compare the stabilization policies. The simulator
will be used here to keep track of the regret and the
accuracy, during the whole run.

Summary of method

In the method the experiments are discussed in de-
tail. In this section the experiments will be summa-
rized in tables to give a clear overview of the whole
study. Table 1 gives an overview of the first exper-
iment, where different top-detection methods (TD1
and TD2) in combinations with the perfect stabiliza-
tion policy are tested.

LiF
Stabilization Policy

SP1 SP2 Perfect

Top-detection
TD1 - - X
TD2 - - X

Table 1: In this table an overview is given of all pos-
sible Top-detection method and Stabilization policy
combination. An ”X” indicates that the combination
is tested during the first experiment, a ”-” means that
the combination is not tested.

LiF
Stabilization Policy

SP1 SP2 perfect

TD1 or TD2 X X -

Table 2: In this table an overview is given of all pos-
sible Top-detection method and Stabilization policy
combination. An ”X” indicates that the combina-
tion is tested during the second experiment, a ”-”
means that the combination is not tested. If depends
on the results of the first experiment if either TD1
or TD2 is used during the second experiment as the
top-detection method

Table 2 gives an overview of the second experiment,
where different stabilization policies are tested. The
best top-detection method in terms of regret follow-
ing the first experiment will be used during this ex-
periment. The perfect stabilization policy will not
tested here, since this one couldn’t be used in prac-
tice.

Results

Two different experiments were done in this study,
the results of both these experiments will be ex-
plained in more detail in the following section.

Top-detection methods

In Figure 10 & 11 the results of the first experiment
are shown.

Figure 10 shows the effect of the tuning parameter
row of TD1. If the instance of row is small, smaller
than 15, the error-bars are wider. This could be ex-
plained by the fact that the instance of the variable
row is than too small. Consequently, the detections
are strongly influenced by the noise and more wrong
detections are made, this would make the error-bars
wider.

If the instance of row is 15 or larger the influence of
noise on the detections is reduced and the error-bars
become smaller. A possible side effect of increasing
the instance of row is that it reduces the speed of
TD1 and consequently increases the cumulative re-
gret. Because an increasing of the row leads to more
oscillation before TD1 could make a detection and
these oscillations result in more cumulative regret.
This effect could explain the increase of the cumula-
tive regret if the instance of row is larger than 20.
(see Figure 10)

Given the results, the best instances for row seems
to be both 15 and 20. To be sure that both instances
have the same mean a two-sample t-test is done, as
expected the two-sample t-test does not reject the
null hypothesis that the two data vectors are from
populations with equal means, with p = 0.9650. A
two-sample t-test makes the assumptions that both

16



data vectors have the same variance and are normally
distributed. A histogram is used to check if the data
was normally distributed and Bartlett’s test was used
to satisfy the assumption that both data vectors did
have the same variance. Bartlett’s test rejected not
the null hypothesis that both settings-combination
have the same variance, with (p = 0.211).

So there is not just one instance of the variable
row, which could be seen as the best. Moreover,
a larger row does not lead to a lower accuracy, at
most for a decreasing of the speed of the TD1. This
makes this top-detection method robust, since an er-
roneously larger selection of the variable row does not
lead to a much higher overall regret. In real-world sit-
uation the perfect instance of the tuning parameter
is unknown, so just opt for a large instance of row is
sufficient to make this top-detection method work.

The results of TD2 are shown in Figure 11. TD2
has two optimized variables, slope and row. Every
bar-group represents a different instance of the vari-
able slope. The different colors represent the different
instances of the variable row, which stands for the
amount of detection that should have been happened
before the top was definitely detected. On every bar
there is a error-bar drawn, which represent the stan-
dard deviation over the 50 observations.

Note that there are different settings, where the cu-
mulative regret is equal to 2.3× 104. This is exactly
the cumulative regret of LiF without top-detection
method, see Figure 7. So we could conclude here
that the TD2 is too strict, it will make no detections
at all and the modified LiF just acts as LiF without
top-detection method. This does not mean that it
is impossible to get a higher cumulative regret than
2.3 × 104 using TD2. Bad initializations of the vari-
ables could result in detected tops at positions not
close to xmax, For example, a slope higher than 0.7
in combination with a small instance of row could
give this result.

It is remarkable that error-bars dilate if the row-
length increases, this is clearly the case when the
slope is equal to 0.5 and 0.7. You would expect that
an increase of the row-length would lead to less influ-
ence of noise and consequently the error-bars would
narrow. This effect is already observed in the results

of TD1. As apposed to TD1, the error-bars of TD2
increase with an increase of the instance of row. An
explanation which could explain this phenomena is
that TD2 detects relatively fewer tops compared to
TD1. So what we are saying is that TD1 is less strict
in detecting tops than TD2. So TD1 benefits from a
relative large instance of row, the effect of the noise
is reduced. TD2 on the other hand is very strict in
detecting tops and is less influenced by the noise. So
TD2 would have less benefit of a relatively large in-
stance of row. Making the assumption that xc is not
very stable in the top, this could explain the observed
results that the error-bars narrow.

If the slope is smaller this effect is less visible, but it
is still there. Only it is weakened due to the fact that
the modified LiF becomes more like the normal LiF
with a cumulative regret of 2.3× 104. So the increas-
ing of the cumulative regret, when the row-length is
increased could be both explained by a decrease of
the speed of the TD2 and the fact that xc is unsta-
ble.

An erroneous selection of both the variables row
and slope could easily lead to a significantly higher
regret. In contrast to TD1, TD2 seems to be less
robust. However, take in mind that most of these
regret could due to the unstable xc and that a more
stable xc could lead to a more robust TD2. Both
the combination slope = 0.5 and row = 5 and the
combination slope = 0.7 and row = 0.7 seems to
be the settings with the lowest cumulative regret.
Again a two-sample t-test is done to determine if
they significantly differ. As expected the two-sample
t-test does not reject the null hypothesis that the two
data vectors are from populations with equal means,
with p = 0.8114. A two-sample t-test makes the as-
sumptions that both vector are normally distributed
and have the same variance. A histogram is used
to check if the data was normally distributed and
Bartlett’s test was used to satisfy the second assump-
tion that both data vectors did have the same vari-
ance. Bartlett’s test rejected not the null hypothesis
that both settings-combination have the same vari-
ance, with (p = 0.5945).

Both top-detection methods have several settings
that work the best, in terms of regret. So to compare
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Figure 10: The results obtained during the during the experiment about TD1. The influence of the variable
row is set against the cumulative regret at t = 10.000.

Figure 11: The results obtained during this experiment about TD2. The influence of both the variable row
and slope are set against the cumulative regret at t = 10, 000. Every bar-group represent a different instance
of the variable slope. The different colors represent the different instances of the variable row
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Figure 12: Both the best setting of the top-detection methods compared with each other, where best is
quantified in terms of regret. TD2 is better than TD1, with (p = 0.0200)

the different top-detection methods, we should choose
one of the best settings from both TD1 and TD2. The
combination TD1 with row = 20 is chosen, since the
mean regret was a bit lower, note that this was not
significant. The settings for TD2 with the lowest re-
gret was slope = 0.7 and row = 5. Both the box-plots
of the cumulative regret at t = 10, 000 are shown in
Figure 12. TD2 is significantly better, in terms of re-
gret, than TD1, with p = 0.0200. This is calculated
with the use of a two-sample t-test, the assumption
that both vectors have the same variance is satisfied
with the Bartlett’s test. Bartlett’s test rejected not
the null hypothesis that both settings-combination
have the same variance, with with p = 0.4333. The
summary of the results is given in Table 3.

During the second experiment TD2 with row = 5
and slope = 0.7, is used to detect the top. The aver-
aged cumulative regret at t = 10,000 of TD2 in com-
bination with these settings is in combination with
the perfect stabilization policy is 1.1289× 104.

LiF
Stabilization Policy

SP1 SP2 perfect

Top-detection
TD1 - - 1.1452× 104

TD2 - - 1.1289× 104

Table 3: In this table an overview is given of all pos-
sible Top-detection method and Stabilization policy
combination. The values represent the observed cu-
mulative regret at t = 10, 000. A ”-” means that the
combination hasn’t been tested.

Stabilization policies

In Figure 13 and 15 the results for both the
stabilization-policies are shown. In these figures only
the effect of the the tuning parameters on the cumu-
lative regret is drawn. Besides this also the stabiliza-
tion policies in terms of accuracy are compared. in
the text some of the values will be given, the other
accuracies can be found in Appendix A.

Figure 13 shows the results of SP1. This policy only
has the variable percentage as tuning parameter. On
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the x-axis the different instances of the percentage
are shown. On the y-axis the cumulative regret at
t=10,000 is shown. In terms of regret, the best in-
stance of the variable percentage = 20%, then the cu-
mulative regret at t = 10, 000 is 1, 1809 × 104. Note
that this cumulative regret is a bit higher than the
regret observed if TD2 with the best settings is com-
bined with the perfect stabilization policy (regret is
then 1.1289 × 104). It is not surprising that the re-
gret is higher than the regret observed during the
first experiment. During that experiment a perfect
stabilization policy was used. This stabilization pol-
icy had a accuracy of 100%.

The difference between the cumulative regret of
TD1 combined with the perfect stabilization policy
or TD1 combined with SP1 is quite small. So you
would expect that this stabilisation policy is almost
perfect. But this is not true, the accuracy of this
stabilization policy, with percentage = 20%, is 42%.
Note that this percentage is very low, since 40% of
the run exists of concept drift. There are several rea-
sons possible why this stabilization policy still works
fine, in terms or regret, without a high accuracy. To
be sure what the exact reason is, we should take a
look at the regret over the whole run.

In Figure 14 both the regret of the perfect stabi-
lization policy and SP1 are drawn against the time.
Figure 14 makes clear that SP1 is less fast in detect-
ing concept drift, than the perfect stabilization pol-
icy. This can be clearly seen between the time points
2000 and 2400. The SP1 starts a bit later with a
steeper slope than the perfect stabilization policy, so
SP1 detects the concept drift less fast. This effect
was expected, since SP1 should first observe abnor-
mal values before it could conclude that the curve has
drifted, in contrast to the perfect stabilization policy.

This figure makes also clear that during the drifts
SP1 catches up on the perfect stabilization policy.
The reason for this should be found in the way LiF
is modified. If a stabilization policy detects concept
drift, LiF should start with one oscillation before it
could update xc and becomes capable to detect tops.

This oscillation is needed to update the values in~(y)ω
to make them trustworthy, this extra oscillation will
be called start-oscillation. This start-oscillation leads

to extra regret.
Assume that TD2 does not work that well and de-

tects tops even if the curve is drifting. If TD2 is
combined with the perfect stabilization policy, LiF
has to make start-oscillation every time TD2 detects
a top during a drift. This oscillation starts directly
at the time point after that the TD2 has detected
the top, since the perfect stabilization policy knows
directly that the curve is still drifting. In Figure 14
the regret of TD2 combined with the perfect stabi-
lization policy is quite high during the drifts. This
regret could be partly explainable by the fact that
the curve is just simply drifting and during drifts it
is hard to keep xc at xmax, but a part of this regret
could be due to the bad performance of TD2 during
the drifts. Beside that it could be that TD2 detects
tops even during the drifts, TD2 seems to be quite
well in detecting the top if xc is close to xmax. If the
curve is not drifting the regret of the TD2 combined
with perfect stabilization policy is almost zero.

To go back to the observation that SP1 catches on
the perfect stabilization policies during the drift, this
could be explained by the assumption made above
that TD2 detects tops during the drifts. The perfect
stabilization policy would notify LiF directly that the
curve is drifting, whereas SP1 would notify LiF with
a delay about the fact that the curve is drifting and so
fewer start-oscillation are needed during a drift. You
could imagine that staying at a certain position will
lead to less regret during the drifts than constantly
oscillate with an amplitude of 10. This could explain
the observed effect that SP1 catches on the perfect
stabilization policy during the drifts.

Moreover, Figure 14 makes clear that SP1 loses
regret compared to the perfect stabilization policy in
case that the curve is not drifting. A reason could be
that the accuracy of the stabilization policy is quite
low. Even if the curve is not drifting SP1 detects
concept drift. A wrong detection of concept drift
leads to a start-oscillation, thus every false alarm of
the stabilization policy does cost regret.

The best settings for SP1, in terms of the accu-
racy, are with percentage = 10%. The accuracy was
somewhere around 42%. The accuracy of SP1 de-
creases by an increase of the instance of the variable
percentage. A decrease of the percentage leads to a
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decrease of reaction time, because SP1 becomes more
strict. Given this observation we could conclude that
the accuracy of SP1 is strongly negative influenced
by the delay of the detections. The exact obtained
data during this experiment are given in appendix A.

In Figure 15 the results of SP2 are shown. In this Fig-
ure the bar-groups represent the different instances of
the variable slope. The different colors represent the
different instances of the variable break.

This figure makes also clear that an increase of
the instance of the variable break leads to a higher
cumulative regret. This effect is noticeable by most
of the slopes, only if the slope is very small an increase
of the variable break could lead to a decrease of the
regret. This effect is understandable if you consider
that SP2 with a small slope is stricter than SP2 with
a large slope. If SP2 is less strict it is important to
check ofter whether concept drift did happen, since
the reaction time to concept drifts is slower compared
to a stricter variant of SP2. A larger reaction time
leads to higher cumulative regret.

Additionally, Figure 15 shows that the standard
deviation of the bars increases by the increasing of
the instance of the variable break. This was as ex-
pected. If the break between the concept drift detec-
tion possibilities increases, there are less time points
to detect concept drift. So these time points be-
come more influential on the cumulative regret. If
these time points lay by accident just before the mo-
ment that concept drift happens, the overall regret
will be larger, compared to the situation where the
time points lay exactly after the drift, because the
reaction time increases.

The combination slope = 0.1 and break = 150 and
the combination slope = 0.1 and break = 100 seems
to be the best settings for SP2. A two-sample t-test
is done to determine if there is a significant difference
between the means of these setting-combinations.
The two-sample t-test rejects the null hypothesis that
both settings-combination have a equal means, with
p = 0.0028. A special variant of the two-sample t-test
is used here, since the variance of both the input vec-
tors are not equal. Since Bartlett’s test rejected the
null hypothesis that both settings-combination have
the same variance, with p = 0.0026. So the combina-

tion slope = 0.1 and break = 150 is significantly better
than the combination slope = 0.1 and break = 100 in
terms of regret. The cumulative regret at t = 10, 000
of the best setting-combination is 8.915× 103.

The cumulative regret at t = 10, 000 is much lower
than the regret obtained during the first experiment
where TD2 was combined with the perfect stabiliza-
tion policy. In Figure 11 the regret over the whole
run is drawn. SP2 catches up the perfect stabilization
policy during the drifts, just as SP1. The reason for
this effect is already explained by results of SP1. Note
that the best setting for the slope was, slope = 0.1.
If we compare this slope with the results obtained
during the experiment of the TD2 (see Figure 11),
we could conclude that SP2 with a slope of 0.1 would
almost always detect concept drift. So given these
results you would expect that SP2 is not able to de-
termine in an accurate way whether the curve suffers
from concept drift with the given information. So
you would not expect that this stabilization policy
does have a high accuracy. The results confirm this,
SP2 with slope = 0.1 and break = 150 has a accu-
racy around 57%. If the slope of SP2 becomes larger
the mean accuracy over the different break-lengths
decreases.

Comparing both SP1 and SP2 with each other, it is
clear that both the best settings of SP1 and SP2 are
strict in detecting concept drift. Because of the fact
that SP2 makes use of breaks, the amount of possible
wrong detections reduces over the whole run. Con-
sequently, fewer start-oscillations are needed and the
cumulative regret seems to be significantly lower. A
two-sample t-test is done to verify this, the test re-
jected the null hypothesis that the mean cumulative
regret at t = 10.000 is equal between the stabiliza-
tion policies, with p = 0.00. A special variant of the
two-sample t-test was used here, this variant doesn’t
make the assumption that the variances of the vec-
tors are equal. Since Bartlett’s rejected the null hy-
pothesis that both vectors have the same variance,
with p = 0.0000. In Figure 17 the box-plots of the
stabilization polices with the best settings are drawn.
However, SP2 is significantly better in terms of regret
than SP1, stating that SP2 has also a higher accuracy
is more difficult. The accuracy of SP2 is positively
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influenced compared to SP1 by the fact that TD2 de-
tects tops even if the curve is drifting. SP2 checks if
concept drift did happen after a break of 150 time
points, whereas SP1 does this almost directly. So
if the curve is drifting, the effect of the drift during
the first possible detection of SP2 is larger than the
effect that SP1 deals with. This influenced the accu-
racy of SP1 in a negative way compared to SP2, so
using another top-detection method could give other
results. In Table 4 the summary of the results of the
stabilization policy are given.

LiF
Stabilization Policy

SP1 SP2 perfect

TD2 1, 1809× 104 8.915× 103 -

Table 4: In this table an overview is given of all
possible stabilization policy combinations with TD2.
, a ”-” means that the combination is not tested.
Where the values represent the cumulative regret at
t = 10, 000

Modified LiF compared with the other
strategies

So given the results obtained during both the exper-
iments LiF in combination with TD2 and SP2 is the
best in terms of regret. So the modified LiF will
both make use of TD2 and SP2. This modified LiF
will be compared with both Thompson Sampling, ε-
first and the original LiF to determine how LiF is
improved. The 2-degree polynomial used during the
experiments, with Equation 2, is used again here to
compare the strategies. The only difference is that
the curve does not suffer from concept drift during
the run. The reason therefore is that both Thomp-
son Sampling and ε-first are not able to deal with
concept drift.

In Figure 17 the original LiF, the modified LiF,
Thompson sampling, and ε-first are compared with
each other. The cumulative regret of the modified
LiF is significantly lower than the regret of the orig-
inal LiF. However, it suffers still from linear regret.
This linear regret is not only due to the small oscilla-
tions that SP2 uses, but also due to the fact hat SP2

is actually too strict and detects still concept drift
during this run, whereas there is no concept drift at
all. During this run only 10% of the detection was
correct, which is low but was expected given the re-
sults of the second experiment, the settings of SP2
are too strict. These settings works fine in case of a
lot of concept drift, but not in case that there is no
concept drift at all. Note that TD2 in combination
of SP1 would work better here, the accuracy of this
combination would be 99.5 %.

Due to this linear regret of SP2 the difference be-
tween Thompson Sampling and modified LiF will
only increase if the horizon of the simulation is larger.
The cumulative regret at t = 10, 000 of the modified
LiF was during this simulation 5.8517 × 103 (mean
over 50 runs). Note that the cumulative regret is
lower than the regret obtained during the second ex-
periment with the same TD2 and SP2, this reduction
is due to the absence of concept drift.

Discussion

The cumulative regret of the modified LiF is sig-
nificantly lower, compared to the original LiF. The
cumulative regret at t = 10, 000 is reduced from
2.3× 104 to 5.8517× 103 (situation without concept
drift), which is a large reduction. But note that a
very large amplitude (A = 10) was used during this
study, whereas a smaller amplitude was also sufficient
for the model used (Equation 2), because no local
maximum or flatter parts should be overcome during
the search to xmax. The use of a smaller amplitude
would also reduce the cumulative regret of the orig-
inal LiF. So if the best settings for the original LiF
where compared with the modified LiF the reduction
of the regret would probably be smaller.

During the first experiment a perfect stabilization
policy was used to compare both the top-detection
methods with different settings with each other. In
contrast to the second experiment, where TD2 was
used, which is not a perfect top-detection method. A
perfect top-detection method would only detect tops
if xc is very close to xmax (difference smaller than
0.5) and if the curve is not drifting, TD2 does not
satisfy this assumption. Especially the fact that TD2
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Figure 13: The influence of the variable percentage is drawn against the cumulative regret at t = 10, 000 of
SP1

Figure 14: An overview of the cumulative regret over the whole run. Both for combinations TD2 + SP1 and
TD2 + perfect stabilization policy
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Figure 15: The influence of the variable slope and break on the cumulative regret at t = 10, 000 of SP2

Figure 16: An overview of the cumulative regret over the whole run. Both for combinations TD2 + SP2 and
TD2 + perfect stabilization policy
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Figure 17: Both the best setting of the stabilization compared with each other, where best is quantified in
terms of regret. SP2 is significantly better than SP1. (p = 0.00)

Figure 18: The four different strategies: Thompson Sampling, ε-first, original LiF, and modified LiF are
compared with each other over the whole run in terms of the cumulative regret
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detects tops even if the curve is drifting could have
influenced the accuracy of strict stabilization policies
in a positive way. To improve this study a perfect top-
detection method should be used during the second
experiment.

Finally, only a simplified model (Equation 2) was
used during this study. No further research was done
to real-world price-profit curves and the amount of
concept drift on these curves. So the obtained best
instances of the examined variables are not guaran-
teed to work in real-world problems. More research
should be done to real-world shapes of price-profit
curves and the amount of concept drift these curves
suffer from. Such that a simulator could be made,
which generates real-world price-profit curves, to de-
termine which settings would work for these prob-
lems.

Conclusion

The aim of this study was to answer the question:
Could we adapt the policy of LiF such that it needs
fewer oscillations to detect concept drift in order to
reduce its linear regret?

To answer this question two different simulation
studies have been done. During the first experiment
two different top-detection methods were compared
with each other, TD1 and TD2. The aim of the
top-detection methods is to detect if xc is close to
xmax. If xc is close the xmax LiF only uses the os-
cillations only to detect concept drift and not for the
search anymore. The assumption is made that the
oscillations are very important during the search to
find xmax, but less important if they are only used
to detect concept drift. So another policy (stabiliza-
tion policy) could do this work, with the use of no
or fewer oscillations than LiF would use in order to
reduce LiF linear regret. To be able to know when
the stabilization policy should start the top-detection
method should detect this situation. During the sec-
ond experiment two stabilization policies are com-
pared with each other SP1 and SP2. Both the sta-
bilization polices and the top-detection methods are
compared with each other in terms of the cumulative
regret.

During the first simulation study the top-detection
methods where compared with each other. To be able
to do a simulation study TD2 and TD1 ware com-
bined with a perfect stabilization policy, perfect in
the sense that is knows exactly when the curve was
drifting or not. Both top-detection methods have sev-
eral optimizable variables, firstly the variables where
optimized with the use of the simulator and subse-
quently the best setting for the top-detection meth-
ods were compared with each other. In Table 5 the
results of both the best setting of the top-detection
methods are given in column with the header ”per-
fect”. Although TD2 was significantly better than
TD1 in terms of regret, still TD2 does have some
characteristics which were not desired. TD2 makes
detections even if the curve was drifting, this be-
haviour leads to a higher cumulative regret. Despite
this, if the curve was not drifting the accuracy of the
detection was high, in the sense that xc was close to
xmax.

During the second simulation study both the sta-
bilization policies were compared with each other.
To be able to do a simulations study SP1 and SP2
where combined with TD2, the best top-detection
method following the first experiment in terms of re-
gret. Both stabilization polices have several optimiz-
able variables. Firstly, the variables were optimized
for both these stabilization policies in terms of regret,
subsequently both the stabilization policies with the
best settings where compared with each other. So
the same procedure as during the first experiment.
The results of the simulation study show that SP2
was better in terms of regret than SP1. However, the
accuracy of both the stabilization policies was very
low. Despite this, the cumulative regret of SP2 was
still lower than the regret observed if TD2 was com-
bined with the perfect stabilization policy, this could
be explained by the fact that TD2 makes detections
even if the curve was drifting. Both TD2 and SP2
uses the approximate slope by LiF to make a detec-
tion, it seems that this approximate slope by LiF is
a useful information that could be used to improve
LiF.

So to answer the research question, it is possible, with
the examined stabilization policies to adapt the pol-
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LiF
Stabilization Policy

SP1 SP2 perfect

Top-detection
TD1 - - 1.1452
TD2 1, 1809 0.8915 1.1289

Table 5: In this table an overview is given of all pos-
sible top-detection method and stabilization policy
combinations. An ”-” means that the combination
is not tested. The values in the table represent the
cumulative regret at t = 10, 000. All the values in
the table should be multiplied with 104

icy of LiF in such a way that it needs less oscillation to
detect concept drift, both stabilization policies were
able to detect concept drift. Unfortunately, the ac-
curacy of both SP1 and SP2 was low. Despite this,
LiF combining with TD2 and SP2 makes LiF more
robust. During the search a very large amplitude can
be used, the disadvantage of a large amplitude dur-
ing the exploit phase is reduced by TD2 and SP2. In
simple models without local maxima and flatter parts
if is probably better to use LiF with a small ampli-
tude in order to get the lowest regret. Note that it
is hard to determine if the model is simple enough to
use either LiF or the modified LiF in practice.

Given all the results I would suggest the following
adaptations for LiF as long as there is no stabiliza-
tion policy with a higher accuracy. Combine LiF only
with a top-detection method, for example TD2, to de-
termine if xc is close to xmax. During the search LiF
could make use of a large amplitude to overcome local
maxima and flatter parts and after the top has been
detected the amplitude of LiF could be reduced to a
smaller amplitude. Such that LiF benefits from the
fact that is uses a large amplitude during the search
and it has less disadvantage of the regret produced by
oscillation during the exploitation phase, compared
to the situation where the amplitude is still large.

Further Work

Firstly, more research should be done to other stabi-
lization policies or to improve the stabilization poli-
cies introduced in this study. The accuracy of SP2

could for example be improved by using a higher
integration time. Using a higher integration time
would give more observations per oscillation and con-
sequently the influence of the noise is more reduced,
this could give SP2 a more trustworthy observation
of the slope of xc.

If a higher integration time is key to improve SP2,
you could even think about more improvements. The
breaks of SP2 are now optimized for the whole run
and are not dynamic. In real-world situation the op-
timal size of the breaks is unknown and to make LiF
more robust you should opt for a small break, con-
sequently SP2 starts to behave as LiF without stabi-
lization policy. To make SP2 more robust a dynamic
break could be used. This dynamic break could be in-
creased if concept drift isn’t detected several times in
a row. Only a maximum value for the break should
be internalized then, to prevent that the break be-
comes too large and stabilization policy is not able
to detect the drift anymore. Another option could
be to combine SP1 and SP2, if the breaks are too
large SP1 could be used to detect concept drift.

Secondly the top detection methods could be opti-
mized in terms of accuracy. During this research the
top-detection methods did not make use of any fur-
ther information than the information obtained dur-
ing the oscillation of LiF. This was done to keep the
cumulative regret as low as possible. But it seems
that the top-detection methods did not work very
well and did also detect tops if the curve was shift-
ing. So maybe it is better to invest more, for exam-
ple by observing more x-values, such that the top-
detection method will become more accurate. Espe-
cially in curves with less concept drift, a more precise
top-detection method which uses more observations
to detect the top would give at the end a lower cu-
mulative regret. You could for example think about
combining two top-detection methods, the first top
detection is a rough detection of the top and the sec-
ond top detection is more precise, by using for exam-
ple a higher integration time.

Finally, the results of SP1 showed that, you can
fairly easy approximate the noise on the curve. The
averaged noise on the curve approximated by SP1
was expected to be 5.2, whereas the real noise on the
curve had standard deviation of 5. This approxima-
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tion of the noise is close enough to use it for improving
LiF. Namely, if the noise level on the curve is large,
a larger integration time is needed. Whereas a small
integration time is already enough if the noise level
is low. So if the noise is approximated at the start
of the simulation the integration time could be opti-
mized for that noise level. In case LiF with the batch
approach is used, the integration time could even be
dynamically updated during the run.
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A Data

In this appendix the most important data obtained during this research are given. The first two tables,
Table A1 and Table A2, show the results of both the top-detection methods TD1 and TD2. The latter
two tables, Table A3 and Table A4, show the results of both the stabilization policies SP1 and SP2. The
following abbreviations are used in the tables:

• CR = cumulative regreat at t = 10, 000

• LCB = 95% Lower confindence bound

• UCB = 95% Upper confidence bound

Row CR LCB UCB

5 1.3265× 104 1.1685× 104 1.4845× 104

10 1.1635× 104 1.1405× 104 1.1864× 104

15 1.1455× 104 1.1357× 104 1.1552× 104

20 1.1452× 104 1.1357× 104 1.1547× 104

25 1.1684× 104 1.1570× 104 1.1789× 104

30 1.1752× 104 1.1627× 104 1.1877× 104

Table A1: Table with data of the experiment 1; TD1
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Row slope CR LCB UCB

5 0.1 1.4935× 104 1.4532× 104 1.5373× 104

5 0.3 1.1509× 104 1.1374× 104 1.1645× 104

5 0.5 1.1306× 104 1.1212× 104 1.1400× 104

5 0.7 1.1289× 104 1.1188× 104 1.1391× 104

10 0.1 2.2813× 104 2.2765× 104 2.2870× 104

10 0.3 1.3741× 104 1.3449× 104 1.4034× 104

10 0.5 1.1591× 104 1.1472× 104 1.1711× 104

10 0.7 1.1395× 104 1.1279× 104 1.1512× 104

15 0.1 2.2815× 104 2.2793× 104 2.2838× 104

15 0.3 1.8707× 104 1.8195× 104 1.9219× 104

15 0.5 1.2451× 104 1.2259× 104 1.2644× 104

15 0.7 1.1661× 104 1.1561× 104 1.1761× 104

20 0.1 2.2822× 104 2.2804× 104 2.2839× 104

20 0.3 2.1965× 104 2.1642× 104 2.2287× 104

20 0.5 1.3989× 104 1.3661× 104 1.4318× 104

20 0.7 1.2087× 104 1.1931× 104 1.2243× 104

25 0.1 2.2816× 104 2.2796× 104 2.2836× 104

25 0.3 2.2560× 104 2.2343× 104 2.2777× 104

25 0.5 1.7137× 104 1.6549× 104 1.7724× 104

25 0.7 1.2825× 104 1.2558× 104 1.3092× 104

30 0.1 2.2847× 104 2.2826× 104 2.2867× 104

30 0.3 2.2834× 104 2.2809× 104 2.2858× 104

30 0.5 1.8853× 104 1.8302× 104 1.9404× 104

30 0.7 1.3400× 104 1.3059× 104 1.3742× 104

Table A2: Table with data of experiment 1; TD2

Percentage (%) CR LCB UCB Expected Noise accuracy

10 1.4578× 104 1.4320× 104 1.4837× 104 5.26 0.4243
20 1.1809× 104 1.1364× 104 1.2254× 104 5.25 0.4168
30 1.3602× 104 1.2633× 104 1.4571× 104 5.29 0.4163
40 1.5990× 104 1.5114× 104 1.6867× 104 5.21 0.4126
50 2.8526× 104 1.7492× 104 1.9559× 104 5.21 0.4121
60 2.0670× 104 1.9963× 104 2.1377× 104 5.27 0.4098
70 2.2217× 104 2.0881× 104 2.3553× 104 5.16 0.4106
80 2.3306× 104 2.2635× 104 2.3977× 104 5.14 0.4096
90 2.4792× 104 2.2371× 104 2.5868× 104 5.17 0.4090
100 2.7856× 104 2.6591× 104 2.9121× 104 5.28 0.4070

Table A3: Table with data of experiment 2; SP1
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break slope CR LCB UCB accuracy

50 0.1 1.0297× 104 1.0195× 104 1.0400× 104 0.5658
50 0.3 9.9615× 104 9.8349× 103 1.0088× 104 0.5396
50 0.5 9.7378× 104 9.5342× 103 9.9413× 103 0.5208
50 0.7 9.7262× 104 9.5250× 103 9.9273× 103 0.4948
100 0.1 9.2195× 104 9.1122× 103 9.3268× 103 0.5715
100 0.3 9.6020× 104 9.3164× 103 9.8897× 103 0.5348
100 0.5 9.9572× 104 9.6172× 103 1.0297× 104 0.5283
100 0.7 1.0806× 104 1.0420× 104 1.1192× 104 0.5161
150 0.1 8.9158× 104 8.7493× 103 9.0824× 103 0.5720
150 0.3 1.0145× 104 9.7770× 103 1.0512× 104 0.5600
150 0.5 1.1116× 104 1.0590× 104 1.1642× 104 0.5235
150 0.7 1.3437× 104 1.2768× 104 1.4105× 104 0.5188
200 0.1 9.5217× 104 9.2730× 103 9.7705× 103 0.5872
200 0.3 1.0507× 104 1.0024× 104 1.0990× 104 0.5664
200 0.5 1.2855× 104 1.2228× 104 1.3481× 104 0.5353
200 0.7 1.5228× 104 1.4284× 104 1.6173× 104 0.5133
250 0.1 9.9483× 104 9.6251× 103 1.0272× 104 0.5744
250 0.3 1.1922× 104 1.1325× 104 1.2519× 104 0.5441
250 0.5 1.3550× 104 1.2810× 104 1.4290× 104 0.5701
250 0.7 1.7736× 104 1.6360× 104 1.9111× 104 0.5079

Table A4: Table with data of experiment 1; SP2
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